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Preface 


This Book is devoted to the proceedings of the Sixth International Conference 
on Number Theory and Smarandache Notions held in Tianshui during April 24-25, 
2010. The organizers were myself and Professor Wangsheng He from Tianshui 
Normal University. The conference was supported by Tianshui Normal University 
and there were more than 100 participants. We had one foreign guest, Professor 
K.Chakraborty from India. The conference was a great success and will give a 
strong impact on the development of number theory in general and Smarandache 
Notions in particular. We hope this will become a tradition in our country and will 
continue to grow. And indeed we are planning to organize the seventh conference 
in coming March which will be held in Weinan, a beautiful city of shaanx1. 

In the volume we assemble not only those papers which were presented at the 
conference but also those papers which were submitted later and are concerned 
with the Smarandache type problems or other mathematical problems. 

There are a few papers which are not directly related to but should fall within 
the scope of Smarandache type problems. They are 1. A. K. S. Chandra Sekhar Rao, 
On Smarandache Semigroups; 2. X. Pan and Y. Shao, A Note on Smarandache 
non-associative rings; 3. Jiangmin Gu, A arithmetical function mean value of 
binary; etc. 

Other papers are concerned with the number-theoretic Smarandache problems 
and will enrich the already rich stock of results on them. 

Readers can learn various techniques used in number theory and will get 
familiar with the beautiful identities and sharp asymptotic formulas obtained in the 
volume. 

Researchers can download books on the Smarandache notions from the 
following open source Digital Library of Science: 

www.gallup.unm.edu/~smarandache/eBooks-otherformats.htm. 


Wenpeng Zhang 
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The Smarandache sums of products for 
E(n,r) and O(n,r) 


Xiaoyan Li? and Xin Wu? 
Department of Mathematics, Northwest University, Xi’an, Shaanxi, P.R.China 


Abstract The main purpose of this paper is using the elementary methods to study the 


properties of the function E(n,r) and O(n,r), and get two calculating formulaes for them. 


Keywords The Smarandache sums of products, binomial theorem. 


81. Introduction 


This paper deals with the sums of products of first n even and odd natural numbers, taken 
rat atime. Many interesting results about these two functions are obtained. For example, 
Mr. Ramasubramanian [1] and Anant W. Vyawahare [3] have already made some work in this 
direction. This paper is an extension of their work. 

Definition. For any positive integer n and r, E(n,r) are the sums of products of first 
n even natural numbers, taken r at a time, r <n. O(n,r) are the sums of products of first n 
odd natural numbers, taken r at a time, r < n, they are also without repeatition. 

For example: 

E(4,1)=2+4+6+48= 20, 


E(4,2) =2-44+2-64+2-84+4-6+4-8+6-8= 140, 

E(4,3) =2-4-6+2-4-84+4-6-8+2-6-8= 400, 

E(4,4) =2-4-6-8 = 384, 

O(4,1) =34+5+74+9=24, 

O(4,2) =3-54+3-74+3-945-74+5-94+7-9 = 206, 

O(4,3) =3-5-74+3-5-94+5-7-94+3-7-9 = 744, 
O(4,4) =3-5-7-9 = 945. 


We assume that E(n,0) = O(n,0) =1 
About the properties of functions E(n,r) and O(n,r), we can obtain some interesting 


conclusions from their definitions. Following are some elementary properties of E(n,r) and 





O(n,r): 
1. E(n,n) = 2nE(n—1,n—-1), 
2. O(n, n) = (Q2n+ 1NO(n-1,n—- 1), 
3. E(n,1) = n(n + 1), 
4. O(n, 1) = n(n + 2), 
)(p+4)(p+6) -+-(p+2n) = E(n,0)p"+ E(n, 1p" + E(n, 2)p"~? + E(n, 3)p"3 + 


n,n—1)p+ E(n,n), 
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6. (p+3)(p+5)(p+7) «++ (p+2n+1) = O(n, 0)p"+O(n, 1)p"-1+O(n, 2)p"-?+O(n, 3)p"3 + 
ne fe O(n,n ~ Lips O(n,n), 

7. E(n,0) + E(n, 1) + E(n,2) +---+ E(n,n) = O(n+1,n +1), that is P_9 E(n,r) = 
O(n+1,n+4+1), 
8. O(n, 0) + O(n, 1) + O(n, 2) +--+ + O(n, n) = E(n+1,n+1)/2, that is Y_, O(n,r) = 
E(n+1,n+1)/2. 

The 7th and 8th properties can be obtained by putting p = 1 in the 5th and 6th properties. 




















From these properties, we can use the elementary methods to study the expanding expres- 
sions for E(n,r) and O(n,r). The main purpose of this paper is using the elementary method 
to study this problem, and prove the following conclusions: 


Theorem 1. For any positive integer n and r, we have the following formulas: 


E(n,r) = E(r,r)+2nE(n-1,r—1) + 2(n—-1)E(n-2,r-—1)4+ 
2(n — 2)E(n —3,r—1)+---+2(r+1)E(r,r —1)) 
[2"C7+) E(n, 0) + 2"~1'Ch B(n, 1) + 2"-?CT7} E(n, 2) + 
veep 207 p39, r— 1)] /r. 


Theorem 2. For any positive integer n and r, we have the following formulas: 











O(n,r) = O(r,r) + (2n4+ 1)O(n—- 1,r—1) + (Qn—1)O(n—-2,r—1)4 
(2n — 3)O(n — 3,r—1)+---4+ (27 + 3)O(r,r — 1)) 
= [O(n,0) (2°CR7* +3-27-*C7) + O(n, 1) (2°-"Ch_1 + 3-2" 78-3) + 


O(n, 2) Ces OE +3: oa) ates er O(n, r— 1) Cem ag s Oeaneet || /* 


§2. Proof of the theorems 


In this section, we shall complete the proof of our Theorems. First we give two simple 
Lemmas (see [1]) which are necessary in the proof of our theorems. 
Lemma 1. For any positive number n and r, we have the identity 


E(n,r) = E(n—1,r)+2nE(n—-1,r—-—1), r<n. 
Lemma 2. For any positive number n and r, we have the identity 
O(n,r) = O(n = 1,r) + 2(n+ 1)O(n—-1,r-1), r<n. 


Now we use these two Lemmas to prove our conclusions. First we use the elementary 
method to obtain a formula. 

From Lemma 1 we know that E(n,r) = E(n—1,r)+2nE(n—1,r—1), r <n. Using this 
result repeatedly, we have: 





E(n,r) = E(n—1,1r) + 2nE(n —-1,r-1), 


E(n—1,r) = E(n— 2,r) + 2(n —1)E(n — 2,r—1), 
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E(n—2,r) = E(n-3,r) + 2(n — 2)E(n — 3,r-1), 
E(n -3,r) = E(n—4,r) + 2(n —3)E(n —4,r—1), 








E(r+1,r) = E(r,r) + 2(r + 1)E(r,r — 1). 
Adding the above formulas we get: 


E(n,r) = E(r,r)+2nE(n-1,r—1) + 2(n—-1)E(n —-2,r-1)4 
2(n = 2) B(n— 3," — 1) +e 2+ Ee, = 1). (1) 





The equation (1) is the first part of Theorem 1, now we prove the second part. Also, from 
the 5th property of E(n,r), we have: 


(p + 2)(p + 4)(p+6)---(p + 2n)(p + 2n + 2) 
= E(n+1,0)p"*1 4 E(n+1,1)p" + E(n+1,2)p™ 1+ 
E(n+1,3)p”? + ++» + E(n+1,r+1)p™ "+--+ E(n+1,n+4+1). (2) 











Left hand side of (2) is 








(p+ 2)(p+2+2)(p+2+4)(p+24+6):--(p+2+2n—2)(p+2+42n) 
oo) 





= (p+ 2) {E(n,0)(p + 2)” + E(n, (pt 2)" + +--+ E(n,r)(pt+ 1" +--+ + E(n,n)} 
= E(n,0)(p+2)"** + E(n,1)(p + 2)" +--+ + E(n,r)(p+2)°-74? + 
+» + E(n,n)(p + 2). (3) 
Expanding each of (p+ 2)"*1, (p+2)", (p+2)""1, ---, (p+2)"-'*!, by binomial 


theorem, we get the right hand side of (3) is: 

E(n,0) [CP yp"t* + 2Cp pt Ft Cr Tt py eee Harttontty 
+ E(n,1)[Chp” + 2C,p""* +--+ 2°Chp™" +--+ +2°CR] 
+ E(n,2)[Ch_yp"* + 2Cp_yp-? + 4 T CTT pe + +2" CRT] 











+ E(n,r) [coer ae + 2G ee tee er | 


n—r- 


+ E(n,r+1)[CP_,p" + 2C5_ pr ee $227 OR TT] 


n-r 


$+ E(n,n\(p + 2). (4) 








Comparing the coefficients of p”~" from right hand side of (2) and (4), we get 


E(n+1,r+1) 
artiort) E(n,0) + 2"C” E(n, 1) + 2"-1C0773 E(n, 2) + 
seep 20, Gg En; r) +C?_.E(n,r +1). 


Simultaneously, we have the following formula from Lemma 1: 


E(n+1,r4+1) = E(n,r +1) + 2(n+1)E(n,r). 
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Then we know that 
E(n,r +1) +2(n+1)E(n,r) 
artiort) E(n,0) + 2"C*E(n, 1) + 2"-10%77 E(n, 2) + 
ves 201 E(n,r) + Co_,E(n,r +1) 


n—-TF 





or 

2(n + 1)E(n, r) ~ 26) pa r) 

arttort) E(n,0) + 2"C? E(n, 1) + 2-107) E(n, 2) + 
++ +2702 E(n,r — 1). 


Because C7_,.,; =n—r +1, we have 
2(n + 1)E(n,r) — 2C)_,.4,E(n,7) 
= [2(n+1) -2C7_,4,] E(n,r) 
= 2[n4+1-(n-r+1)] E(n,r) 
= 2rE(n,r) 
artiort) E(n,0) + 27°C™ E(n,1) + 2°-'O*_ 5 E(n, 2) + 
+++ 2?C2_ E(n,r— 1). 








Hence, 
E(n,r) = {2°Crt) E(n,0) + 2"~'C E(n,1) + 2"-?CP =] E(n, 2) + 
veep 2C?_,.2H(n, r— 1)} /T. 


Combining (1) and (5) we may immediately deduce Theorem 1. 
Corollary 1. For any positive integer n, we have 


E(n, 2) = n(n + 1)(n — 1)(2 + 3n) /6. 
In fact, if taking r = 2 in (5), then 
E(n, 2) = 2C3,, E(n,0) + C2 E(n, 1) = n(n + 1)(n— 1)(2 + 3n)/6. 
If taking r = 2 in (1), then 





E(n,2) = E(2,2)+2nE(n—1,1) + 2(n—1)E(n—2,1)4 
2(n — 2)E(n — 3,1) +--- +6 (2,1) 











= 8+25 ?(i-1) 
1=3 
= 842 si 1) — (1° + 2°) — (1? + 2?) 


= n2(n +1)?/2—n(n+1)(2Qn+1)/3 
= n(n+1)(n—-1)(24+ 38n)/6. 
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This completes the proof of Corollary 1. 

Similarly, we can use the same method to prove Theorem 2. From Lemma 2 we know that 
O(n, r) = O(n—1,r)+(2n+1)O(n—1,r—1),r < n. Using this result repeatedly, the following 
formulas can be obtained: 




















O(r +1,r) = O(r,r) + (2r +3)O(r,r — 1). 


Adding the above formulas we get: 





O(n,r) = O(r,r)+ (Q2n4+ 1L)O(n - 1,r — 1) + (2n — 1)O(m - 2,r —1) 4 
(2n — 3)O(n — 3,r—1)+---+ (2r+3)O(r,r — 1)). (6) 








This is the first part of Theorem 2. Now we prove the second part of Theorem 2. 


Because 
(p+3)(p+5)(p+7)--:(pt+ 2n+1)(p+ 2n + 3) 


= O(n AF: Lo Tv O(n Liki” O(n 1,2)p" + 
O(n +1,3)p"-? +--+» + O(n+1,r+1)p™" +---+O(n+i1n4+1). (7) 














Left hand side of (7) is 








ee OP e Spar eae a por aa 7) Bae eS Ne aed 
= (p+3){O(n,0)(p + 2)" + O(n, 1)(p+ 2)" 1 ++ 
O(n,r)(p + 2)"-" +++ + O(n,n)} (8) 














Expanding each of (p+2)",(p+2)"~1, (p+2)"~3,--+ ,(p+2)"-"*1, by binomial theorem, 
the right hand side of (8) is: 











(p+ 3) {O(n, 0) [C&p” + 2Crpr—? +... -arttorttpmor 4... + 2"0R] 
+ O(n,1) Cao Tr aC an Pus eC ape tech Neg Ca 
+ O(n,2)[CR_op"-? + 205_op™ 3 +++ +277 Cp opt ht +e + 27 -2OR Ta 











+ “Olnjr) (Cle + 2C, pF pe 2 FORT 
ae; O(n, r+ 1) Cea ae Cp ee oe tei Shs a | 


n—r—1 
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Now, comparing the coefficients of p"~" from right side of (7) and (9), we get 


O(n+1,r+1) 

= 2tlorto(n,0) + 2°C"_,O(n,1) + 2"-*C"_5O(n, 2) + 
++ 20) O(n, r) + Co_,_,O(n,r + 1) + 3[2"C"0(n,0) + 
27-T OPT) + 2"-7?07-3O(n, 2) + +++ +2C,_,.4,O0(n,r — 1) + C2_,O(n,r)] . 








Simultaneously, from Lemma 2, we have: 


O(n +1,r+1) = O(n,r +1) 4+ (2n4+3)O(n,r), 


and 
O(n,r +1) + (2n + 3)O(n,r) 
= 2 oT o(n, 0) + 27°C" _, O(n, 1) +27 1075 O(n, 2) + 
++ 2C1_ O(n, r) + CO_,_,O(n,r + 1) +3 [2"C7O(n,0) + 
ar—tor-4O(n, 1) + 2°-707-2O(n, 2) +--+ + 
OC) 44 O(n, a 1) on CO, r)| ’ 
or 


(2n + 3)O(n, r) — 2C}_,,O(n,r) — 3C°_,.O(n,r) 

= attort!O(n,0) + 2°C"_,O(n,1) + 
2°-107-4.0(n, 2) +--+ + 27C?_,,,0(n,r — 1) +3 [2"C2 O(n, 0)+ 
2”-1Cr71O(n,r) + 2"~?2C773.0(n, 2) +--+ + 2C4_»41O0(n,r — 1)]. 





: Lo 0 
Since C,_, =n—r and C)_, = 1, we have 


(2n + 3)O(n, r) — 2C7_,.O(n,r) — 3C°_,.O(n,r) 

= 2rO(n,r) 

= 2107+ O(n,0) + 2°C™_, O(n, 1) + 27-1073 O(n, 2) + 
++ $2707 _ O(n, r — 1) +3 [2"ChO(n, 0) + 2" 'C7-O(n, 1) + 
2”-*Cr-3O(n, 2) +--+ +2C)_,4,0(n,r — 1]. 


Therefore 
O(n,r) = [O(n,0) (2"CFt1+3-2"-10r) + 
O(n, 1) (2°-1C%_, +.3-2"-?07T1) + 
O(n, 2) (27-707 _. +3-2" 8C7—3) + 








O(n, eS 1) ener ae 30,24) | ug 


Now our Theorem 2 follows from (6) and (10). 
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Corollary 2. For any positive integer n, we have 
O(n, 2) = n(n —1)(8n? + 11n 4+ 11)/6. 
Taking r = 2 in (10), we have 


O(n,2) = [O(n,0)(4C8 + 6C%) + O(n, 1)(207_, +3C07_,)] /2 
= n(n—1)(3n?+11n+4+11)/6. 





If taking r = 2 in (6), we can also get 


O(n,2) = O(2,2) + (2n+1)O(n —1,1) + (Qn — 1)O(n — 2,1) 4 
n= DOM 8,1) 442-70(0,1) 


= 15+ 5 )(2p4+ 1)(p- 1)(p +1) 





p=3 
= S0Q@p+)(p-VY(Pt+h 
= Jp? -2p+p?-1) 





= n’(nt1)?/2—n(n +1) +n(n4+1)(2n+1)/6—n 
= n(n—1)(8n? +11n4+11)/6. 





This completes the proof of Corollary 2. 
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Smarandache isotopy of second 
Smarandache Bol loops 


Temitdépé Gbdldéhan Jaiyéold 


Department of Mathematics, Obafemi Awolowo University, Ile Ife 220005, Nigeria 
E-mail: jaiyeolatemitope@yahoo.com — tjayeola@oauife.edu.ng 


Abstract The pair (Gy,-) is called a special loop if (G,-) is a loop with an arbitrary subloop 
(H, -) called its special subloop. A special loop (Gy, -) is called a second Smarandache Bol loop 
(Sona BL) if and only if it obeys the second Smarandache Bol identity (xs - z)s = «(sz -s) for 
all x,z in G and s in H. The popularly known and well studied class of loops called Bol loops 
fall into this class and so SynaBLs generalize Bol loops. The Smarandache isotopy of SgnaBLs 
is introduced and studied for the first time. It is shown that every Smarandache isotope (S- 
isotope) of a special loop is Smarandache isomorphic (S-isomorphic) to a S-principal isotope 
of the special loop. It is established that every special loop that is S-isotopic to a SynaBL is 
itself a Sona BL. A special loop is called a Smarandache G-special loop (SGS-loop) if and only 
if every special loop that is S-isotopic to it is S-isomorphic to it. A SjnaBL is shown to be 
a SGS-loop if and only if each element of its special subloop is a S;st companion for a Syst 
pseudo-automorphism of the SynaBL. The results in this work generalize the results on the 


isotopy of Bol loops as can be found in the Ph. D. thesis of D. A. Robinson. 
Keywords IrrG, RC-graphs, CoregH. 


81. Introduction 


The study of the Smarandache concept in groupoids was initiated by W. B. Vasantha 
Kandasamy in [24]. In her book [22] and first paper [23] on Smarandache concept in loops, 
she defined a Smarandache loop (S-loop) as a loop with at least a subloop which forms a 
subgroup under the binary operation of the loop. The present author has contributed to the 
study of S-quasigroups and S-loops in [5]-[12] by introducing some new concepts immediately 
after the works of Muktibodh [15]—[16]. His recent monograph [14] gives inter-relationships and 
connections between and among the various Smarandache concepts and notions that have been 
developed in the aforementioned papers. 

But in the quest of developing the concept of Smarandache quasigroups and loops into a 
theory of its own just as in quasigroups and loop theory (see [1]-[4], [17], [22]), there is the need 
to introduce identities for types and varieties of Smarandache quasigroups and loops. This led 
Jaiyéola [8] to the introduction of second Smarandache Bol loop (S2saBL) described by the 
second Smarandache Bol identity (as -z)s = a(sz-s) for all v,z in G and s in H where the 
pair (Gy,-) is called a special loop if (G,-) is a loop with an arbitrary subloop (H,-). For 
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now, a Smarandache loop or Smarandache quasigroup will be called a first Smarandache loop 
(Syst-loop) or first Smarandache quasigroup (S1s:-quasigroup). 

Let L be a non-empty set. Define a binary operation (-) on L: ifa-ye€ L for allaz,y€ L, 
(L,-) is called a groupoid. If the equations: a- a = b and y-a = b have unique solutions 
for x and y respectively, then (L,-) is called a quasigroup. For each x € L, the elements 


7h ed st” = aJy € L such that xx? = ef and aa = e* 


are called the right, left inverses of x 
respectively. Furthermore, if there exists a unique element e = e, = e in L called the identity 
element such that for all x in L, c-e=e-x2 =a, (L,-) is called a loop. We write xy instead of 
x-y, and stipulate that - has lower priority than juxtaposition among factors to be multiplied. 
For instance, x- yz stands for «(yz). A loop is called a right Bol loop (Bol loop in short) if and 
only if it obeys the identity 
(xy- z)y = 2(yz-y). 

This class of loops was the first to catch the attention of loop theorists and the first compre- 
hensive study of this class of loops was carried out by Robinson !!9), 

The popularly known and well studied class of loops called Bol loops fall into the class of 
SonaBLs and so SgnaBLs generalize Bol loops. The aim of this work is to introduce and study 
for the first time, the Smarandache isotopy of SgnaBLs. It is shown that every Smarandache 
isotope (S-isotope) of a special loop is Smarandache isomorphic (S-isomorphic) to a S-principal 
isotope of the special loop. It is established that every special loop that is S-isotopic to a 
Sona BL is itself a SgnaBL. A Sona BL is shown to be a Smarandache G-special loop if and only if 
each element of its special subloop is a S;st companion for a S;st pseudo-automorphism of the 
SonaBL. The results in this work generalize the results on the isotopy of Bol loops as can be 
found in the Ph. D. thesis of D. A. Robinson. 


§2. Preliminaries 


Definition 1. Let (G,-) be a quasigroup with an arbitrary non-trivial subquasigroup 
(H,-). Then, (Gz,-) is called a special quasigroup with special subquasigroup (H,-). If (G,-) 
is a loop with an arbitrary non-trivial subloop (H,-). Then, (Gy,-) is called a special loop 
with special subloop (H,-). If (H,-) is of exponent 2, then (Gy,-) is called a special loop of 
Smarandache exponent 2. 

A special quasigroup (Gy,-) is called a second Smarandache right Bol quasigroup (Sgna- 
right Bol quasigroup) or simply a second Smarandache Bol quasigroup (Sgna-Bol quasigroup) 
and abbreviated Sona RBQ or Sona BQ if and only if it obeys the second Smarandache Bol identity 
(Sogna-Bol identity) i.e Sgna BI 


(as-z)s = x(sz-s) for allz,z€ Gand s€ H. (1) 


Hence, if (Gy,-) is a special loop, and it obeys the SgnaBI, it is called a second Smarandache 
Bol loop (Sgna-Bol loop) and abbreviated SgnaBL. 

Remark 1. A Smarandache Bol loop (i.e a loop with at least a non-trivial subloop that 
is a Bol loop) will now be called a first Smarandache Bol loop (S;st-Bol loop). It is easy to see 
that a SonaBL is a Sys BL. But the converse is not generally true. So SgnaBLs are particular 
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types of S;ss BL. Their study can be used to generalise existing results in the theory of Bol loops 
by simply forcing H to be equal to G. 

Definition 2. Let (G,-) be a quasigroup (loop). It is called a right inverse property 
quasigroup (loop) [RIPQ(RIPL)] if and only if it obeys the right inverse property (RIP) yx-a? = 
y for all x,y € G. Similarly, it is called a left inverse property quasigroup (loop) [LIPQ(LIPL)] 
if and only if it obeys the left inverse property (LIP) x* - zy = y for all 2,y € G. Hence, it is 
called an inverse property quasigroup (loop) [[PQ(IPL)] if and only if it obeys both the RIP 
and LIP. 

(G,-) is called a right alternative property quasigroup (loop) [RAPQ(RAPL)] if and only 
if it obeys the right alternative property(RAP) y- «a = yx- wx for all x,y € G. Similarly, it is 
called a left alternative property quasigroup (loop) [LAPQ(LAPL)] if and only if it obeys the 
left alternative property (LAP) «z-y = x- wy for all x,y € G. Hence, it is called an alternative 
property quasigroup (loop) [APQ(APL)] if and only if it obeys both the RAP and LAP. 

The bijection L, : G — G defined as yL, = x- y for all x,y € G is called a left translation 
(multiplication) of G while the bijection R, : G — G defined as yR, = y- a for all z,y € G is 
called a right translation (multiplication) of G. Let 


and note that 
a\y=e2euz=y and /y=eSzy=e. 


The operations \ and / are called the left and right divisions respectively. We stipulate that 
/ and \ have higher priority than - among factors to be multiplied. For instance, x - y/z and 
x-y\z stand for x(y/z) and x - (y\z) respectively. 

(G,-) is said to be a right power alternative property loop (RPAPL) if and only if it obeys 
the right power alternative property (RPAP) 


ry” = (((ry)y)y)y---y Le. Ryn = Ry for all z,y € G and n € Z. 
—— 


n-times 


The right nucleus of G denoted by N,(G,-) = N,(G) ={aeG:y-ca=yr-aV x,y € GH. 

Let (Gy,-) be a special quasigroup (loop). It is called a second Smarandache right inverse 
property quasigroup (loop) [SgnaRIPQ(SgnaRIPL)] if and only if it obeys the second Smaran- 
dache right inverse property (SgnaRIP) ys: s? = y for all y € G and s € H. Similarly, it is 
called a second Smarandache left inverse property quasigroup (loop) [SgnaLIPQ(SynaLIPL)] if 
and only if it obeys the second Smarandache left inverse property(S2.aLIP) s*- sy = y for all 
y €Gands€ H. Hence, it is called a second Smarandache inverse property quasigroup (loop) 
[SgnaIPQ(SgnaIPL)] if and only if it obeys both the SgnaRIP and SgnaLIP. 

(Gy,-) is called a third Smarandache right inverse property quasigroup (loop) [S3r1RIPQ 
(S3raRIPL)] if and only if it obeys the third Smarandache right inverse property (S3raRIP) 
sy:y®=sforalyeGandsed. 

(Gy,-) is called a second Smarandache right alternative property quasigroup (loop) [Sna 
RAPQ(SgnaRAPL)] if and only if it obeys the second Smarandache right alternative property 
(SonaRAP) y-ss = ys-s for ally € Gand s € H. Similarly, it is called a second Smarandache left 
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alternative property quasigroup (loop) [SgnaLAPQ(SgnaLAPL)] if and only if it obeys the second 
Smarandache left alternative property (Sg.aLAP) ss-y = s- sy for all y € Gand s € H. Hence, 
it is called an second Smarandache alternative property quasigroup (loop) [SgnaAPQ(SgnaAPL)| 
if and only if it obeys both the SgnaRAP and SgnaLAP. 

(Gy,-) is said to be a Smarandache right power alternative property loop (SRPAPL) if 
and only if it obeys the Smarandache right power alternative property (SRPAP) 


xs” = (((as)s)s)s---s ie. Ren = RP for allae G, s¢ Hand ne Z. 
n-times 

The Smarandache right nucleus of Gy denoted by SN,(Gu,-) = SN,(Gu) = N,(G)N 4. 
Gy is called a Smarandache right nuclear square special loop if and only if s? € SN,(G) for 
alls € H. 

Remark 2. A Smarandache; RIPQ or LIPQ or IPQ (i.e a loop with at least a non-trivial 
subquasigroup that is a RIPQ or LIPQ or IPQ) will now be called a first Smarandache; RIPQ 
or LIPQ or IPQ (S;s«RIPQ or S;;«LIPQ or S;s:IPQ ). It is easy to see that a SgnaRIPQ or 
Sona LIPQ or SgnaIPQ is a Syst RIPQ or SjseLIPQ or S,s:IPQ respectively. But the converse is 
not generally true. 

Definition 3. Let (G,-) be a quasigroup (loop). The set SY M(G,-) = SYM(G) of 
all bijections in G forms a group called the permutation (symmetric) group of G. The triple 
(U,V,W) such that U,V,W € SY M(G,-) is called an autotopism of G if and only if 


aU -yV =(a4-yWV 2,yeG. 


The group of autotopisms of G is denoted by AUT(G,-) = AUT(G). 

Let (Gy,-) be a special quasigroup (loop). The set SSY M(Gy,:-) = SSY M(Gy) of all 
Smarandache bijections (S-bijections) in Gy i A € SYM(Gy) such that A : H > H 
forms a group called the Smarandache permutation (symmetric) group [S-permutation group] 
of Gy. The triple (U,V,W) such that U,V,W € SSY M(Gq,_-) is called a first Smarandache 
autotopism (5,5 autotopism) of Gy if and only if 


aU -yV =(ax4-y)WV 2,y € Gx. 


If their set forms a group under componentwise multiplication, it is called the first Smaran- 
dache autotopism group (S;s: autotopism group) of Gy and is denoted by S,s: AUT(Guy,-) = 
S,s: AUT(Gy). 

The triple (U,V,W) such that U,W € SYM(G,-) and V € SSYM(Gz,_-:) is called a 
second right Smarandache autotopism (Sona right autotopism) of Gy if and only if 


aU-sV =(a-s)\WVaxeGandse H. 


If their set forms a group under componentwise multiplication, it is called the second right 
Smarandache autotopism group (Sgna right autotopism group) of Gy and is denoted by Sgna RAU 
T(Guy,-) = Sona RAUT (GH). 

The triple (U, V, W) such that V,W € SY M(G,-) and U € SSY M(Gzy,_-:) is called a second 
left Smarandache autotopism (Sgna left autotopism) of Gy if and only if 


sU-yV =(s-ywWVyeGandse dH. 
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If their set forms a group under componentwise multiplication, it is called the second left 
Smarandache autotopism group (Sgna left autotopism group) of Gy and is denoted by Sgna LAUT 
(Gy,-+) = Sona LAUT(Gy). 

Let (Gy,-) be a special quasigroup (loop) with identity element e. A mapping T € 
SSY M(Gzy) is called a first Smarandache semi-automorphism (S;s+ semi-automorphism) if 
and only if eT’ = e and 


(cy: a)T = (aT - yT)aT for all 2, y € G. 


A mapping T € SSYM(Gz) is called a second Smarandache semi-automorphism (Syna 


semi-automorphism) if and only if eT = e and 
(sy: s)T = (sT- yT)sT for ally € G and all s € H. 


A special loop (Gy, -) is called a first Smarandache semi-automorphic inverse property loop 
(SissSAIPL) if and only if J, is a S;s+ semi-automorphism. 

A special loop (Gy,-) is called a second Smarandache semi-automorphic inverse property 
loop (SguaSAIPL) if and only if J, is a Sgna semi-automorphism. 

Let (Gx,-) be a special quasigroup(loop). A mapping A € SSYM(Gzy) isa 


1. First Smarandache pseudo-automorphism (S,s+ pseudo-automorphism) of Gy if and only 
if there exists a c € H such that (A, AR., AR.) € Siss AUT(Gy). c is reffered to as the 
first Smarandache companion (S;s« companion) of A. The set of such A’s is denoted by 
Sy PAUT(Gu,-) = Sis PAUT(Gu). 


2. Second right Smarandache pseudo-automorphism (Sgna right pseudo-automorphism) of 
Gy if and only if there exists a c € H such that (A, AR,, AR-) € Sona RAUT(Gy). c is 
reffered to as the second right Smarandache companion (Sgna right companion) of A. The 
set of such A’s is denoted by Sana RPAUT(Gu,-) = Sona RPAUT (Gy). 


3. Second left Smarandache pseudo-automorphism (Syna left pseudo-automorphism) of Gy if 
and only if there exists a c € H such that (A, AR., AR.) € Sgna LAUT(Gy). c is reffered 
to as the second left Smarandache companion (Syna left companion) of A. The set of such 
A’s is denoted by Sgna LPAUT (Guy, +) = Sona LPAUT (Gy). 


Let (Gx,-) be a special loop. A mapping A € SSY M(Gzy) isa 


1. First Smarandache automorphism (S;s: automorphism) of Gy if and only if A € S;ss PAUT (Gy) 
such that c= e. Their set is denoted by Sys AUM(Gy,-) = Ss: AUM (Gy). 


2. Second right Smarandache automorphism (Sgna right automorphism) of Gy if and only 
if A € Sona RPAUT (Gz) such that c = e. Their set is denoted by SgonaRAUM(Guy,:-) = 
SonaRAUM (Gy). 


3. Second left Smarandache automorphism (Sona left automorphism) of Gy if and only if 
A € SonaLPAUT(Gy) such that c = e. Their set is denoted by SynaLAUM(Gu,-) = 
Sona LAU M (Gy). 
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A special loop (Gy, -) is called a first Smarandache automorphism inverse property loop (Sst AIPL) 
if and only if (Jp, Jp, Jp) © AUT (H,-). 

A special loop (G'q,-) is called a second Smarandache right automorphic inverse property 
loop (SgnaRAIPL) if and only if J, is a Sgna right automorphism. 

A special loop (Gy,-) is called a second Smarandache left automorphic inverse property 
loop (SguaLAIPL) if and only if J, is a Sona left automorphism. 

Definition 4. Let (G,-) and (L,0) be quasigroups (loops). The triple (U, V, W) such that 
U,V,W :G-— L are bijections is called an isotopism of G onto L if and only if 


tU oy =(a-yWV 2a,yeG. (2) 


Let (Gy,-) and (Ly,°) be special groupoids. Gy and Lyy are Smarandache isotopic (S- 
isotopic) [and we say (Lys,°) is a Smarandache isotope of (Gy,-)] if and only if there exist 
bijections U,V,W : H — M such that the triple (U,V;,W) : (Gx,-) — (£mu,°) is an 
isotopism. In addition, if U = V = W, then (Gy,-) and (Ly,,°) are said to be Smarandache 
isomorphic (S-isomorphic) [and we say (Lj4,°) is a Smarandache isomorph of (G'y,-) and thus 
write (Gy,-) = (Lm,°).]. 

(Gy,-) is called a Smarandache G-special loop(SGS-loop) if and only if every special loop 
that is S-isotopic to (Gy, -) is S-isomorphic to (Gy,°-). 

Theorem 1. (Jafyéold [13]) Let the special loop (Gy,-) be a SgnaBL. Then it is both a 
SonaRIPL and a SgnaRAPL. 

Theorem 2. (Jafyéold [13]) Let (Gy, -) be a special loop. (Gy,-) is a SgnaBL if and only 
if (Ry1, L, Rs, Rg) € Sy AUT(Gu, ’). 


§3. Main results 


Lemma 1. Let (Gy,-) be a special quasigroup and let s,t € H. For all 2, y € G, let 
_ _p-l -1 
coy=aR,-yL,’. (3) 


Then, (Gy, 0) is a special loop and so (Gy, -) and (Gy, ©) are S-isotopic. 

Proof. It is easy to show that (Gy,0) is a quasigroup with a subquasigroup (H, 0) since 
(Gy,-) is a special quasigroup. So, (Gx,0) is a special quasigroup. It is also easy to see that 
s-t © H is the identity element of (Gy,0). Thus, (Gy,°) is a special loop. With U = R:, 
V=L, and W =I, the triple (U,V,W) : (Gy,-) — (Gz,°) is an S-isotopism. 

Remark 3. (Gy,0) will be called a Smarandache principal isotopism (S-principal iso- 
topism) of (Gy,°:). 

Theorem 3. If the special quasigroup (Gy,-) and special loop (Lyyz,°) are S-isotopic, 
then (Lyz,°) is S-isomorphic to a S-principal isotope of (Gy,-). 

Proof. Let e be the identity element of the special loop (Zy,,0). Let U, V and W be 1-1 
S-mappings of Gy onto Lyy such that 


tU oy =(a@-yWV2,ye Gu. 
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Let t= eV! and s=eU™!. Define x * y for all z,y € Gy by 
r*xy=(tWoyW)wt. (4) 
From (2), with x and y replaced by zWU~' and yWV—! respectively, we get 
(cW oyW)W 1 =a2WU'-yWV'V 2,y € Gy. (5) 


In (5), with « = eW-!, we get WV-! = Lz! and with y = eW-1, we get WU-! = R;". 
Hence, from (4) and (5), 


a*y=a2R,'-yL,' and (4*y)W =2W oyW V 2,y € Gy. 


That is, (Gx, *) is a S-principal isotope of (Gyz,-) and is S-isomorphic to (Lyz,°). 

Theorem 4. Let (Gy,-) be a SgnaRIPL. Let f,g € H and let (Gy,0) be a S-principal 
isotope of (Gy,-). (Gy,°) is a SgnaRIPL if and only if a(f,g) = (Ry, beh, Ly ite’) € 
Sona RAUT(Guy,-) for all f,g € H. 

Proof. Let (Gy,-) be a special loop that has the SgnaRIP and let f,g € H. For all 
x,y € G, define roy = ch, . yLF* as in (3). Recall that f +g is the identity in (Gy,0o), so 
xox? = f-g where rd), = x?’ i.e the right identity element of x in (Gy,0). Then, for all x € G, 
cox? =a2R;5!-aJ,L7\ = fg and by the SonaRIP of (Gu,-), since sRj!- s.J,L7 = fg for 
all s € H, then sRj! = (f-g)-(sJ,L;")Jp because (H,-) has the RIP. Thus, 


sRj* = sI,L; Job > sJ, = RL; JaLy. (6) 





(Gir, ©) has the Sy.aRIP iff (708)osJ, = s for alls € H, x € Gy iff (tRj!-sL;")Ry'-sJ,L;) = 
x, for alls € H, x € Gy. Replace x by x-g and s by fs, then (era) Ry* (fea is =2-g 
iff (x -s)Ry' = (a-g)-(f + s)J,L;"J, for all s € H, « € Gy since (Gy,-) has the SgnaRIP. 
Using (6), 


(eek, =a, 7 +oh, to Seah, Sekai Rk, 1S 


a(f,g) = (Rg, LyR;*L;.,,Rz*) € Sona RAUT(Gu,:) for all f,g € H. 


Theorem 5. If a special loop (Gy, -) is a SgnaBL, then any of its S-isotopes is a SgnaRIPL. 

Proof. By virtue of Theorem 3, we need only to concern ourselves with the S-principal 
isotopes of (Gy,-). (Gu,-) is a SgnaBL iff it obeys the SonaBI iff (as - z)s = a(sz-s) for all 
z,z€Gands€H iff L,,.R, =L,R,Lz for alla € G and s € H iff RZ'L;2 = Lz! R;'L;z! for 
alla e Gand s € H iff 





R;'L;' =L,R,‘L; for allz € G and s € H. (7) 
Assume that (Gy,-) is a SgnaBL. Then, by Theorem 2, 
(RZ, LeRe, Rs) € Si AUT(Guy,-) > (Bz, LeRe, Re) € Sopa RAUT(GH,*) > 


(Ra beReoks) = (Ra Re LR, ') € Sa RAUT (Gp, 4: 
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By (7), a(a#,s) = (Rs, L,R,1Lz}, Ry+) € Sona RAUT(Gy,-) for all f,g € H. But (Gy,-) has 
the SonaRIP by Theorem 1. So, following Theorem 4, all special loops that are S-isotopic to 
(Gy,-) are SonaRIPLs. 

Theorem 6. Suppose that each special loop that is S-isotopic to (Gy,-) is a SgnaRIPL, 
then the identities: 


1. (f9)\f = (e9)\2, 
2. g\(s9~-*) = (fa) \I(f9)9—*] 


are satisfied for all f,g,s © H andxeG. 
Proof. In particular, (Gy,-) has the SgnaRIP. Then by Theorem 3, a(f,g) = (Rg, ih 


Lig: Rg) € Sona RAUT(Gu, :) for all f,g € H. Let 


YoLpRs L7, (8) 


Then, 
no+8Y = (as) Ro”. (9) 


Put s = g in (9), then xg- gY = (xg)R,;' = x. But, gY = gLyR,'L;, = (f9)\l(f9)g 1] = 
(fa)\f. So, xg: (fg)\f = 2 = (f9)\f = (2g) \e. 

Put « = e in (9), then sYL, = sRj' > sY = sRj'LjZ*. So, combining this with (8), 
sRg'L' = sLsRy'L54 > 9\(s9-') = (F9)\I(fs)97. 

Theorem 7. Every special loop that is S-isotopic to a SgnaBL is itself a Sona BL. 








Proof. Let (Gz,°) be a special loop that is S-isotopic to an SgnaBL (Gy,-). Assume that 
x-y = xacyB where a, : H — H. Then the SgnaBI can be written in terms of (0) as follows. 
(as-z)s = x(sz-s) foralla,z€GandseH. 


[((cao sB)ao zBlao s8 = x2a0 [(sao zB)ao sf] f. (10) 


Replace xa by %, s3 by § and zf by Z, then 





[(Eo3)ao Zac =Fo0 [(sG aczZ)aoslp. (11) 


If & = e, then 





(Sa0Z)a03 = [(58-'aoZ)acalf. (12) 


Substituting (12) into the RHS of (11) and replacing 7, 5 and Z by «, s and z respectively, we 
have 


[((xo s)ao zjaos=20 [(saoz)aos]. (13) 


With s =e, (tao z)a=20(eaoz)a. Let (eao z)a = 26, where 6 € SSY M(Gy). Then, 
(tao z)a=20 20. (14) 
Applying (14), then (13) to the expression [(x 0 s) o zd] 0 s, that is 


[((xos)ozd])08=|[(x@o s)aozlaos=20 |[(saoz)aos]| = 20 [(so zd) os]. 
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implies 
[((wos)ozd]os=ao|[(sozd)os]. 
Replace zé6 by z, then 


[((wos)ozjos=a2o[(soz)os]. 


Theorem 8. Let (Gy,-) be a SgnaBL. Each special loop that is S-isotopic to (Gy,-) is 
S-isomorphic to a S-principal isotope (Gy,°) where ro y = «Ry - yL5* for all x,y € G and 
some f € H. 

Proof. Let e be the identity element of (Gy,-). Let (Gy, *) be any S-principal isotope 
of (Gy,-) say x*y = 2R,1-yL;! for all x,y € G and some u,v € H. Let e’ be the identity 
element of (Gy, *). That is, e’ = u-v. Now, define x * y by 


roy = |(xe’) * (ye’)Je’"* for all x,y € G. 


Then R. is an S-isomorphism of (Gy,0) onto (Gy,*). Observe that e is also the identity 
element for (Gy,0°) and since (Gyq,-) is a Sgna BL, 


(pe’)(e’~'q- e’*) = pq- e’} for all p,q € G. (15) 
So, using (15), 
roy = [(xe’) * (ye’)Je’! = [eRe Ry -yRe Lye! = aRe Ry Re yRe Li Le-1Re-1 
implies that 
zoy=2A-yB, A= Ro R,'Re and B= Re Ly Le-1Re-1. (16) 


Let f = eA. then, y= eoy=eA-yB=f-yBforaly eG. So, B= Les In fact, 

eB = fe=f-'. Then, z=xroe=2A-eB=2A: f—' for all x € G implies xf = (xrA- f—')f 

implies zf = 2A (SgnaRIP) implies A = Re. Now, (16) becomes roy = «Ry - yL5. 
Theorem 9. Let (Gz,-) be a SgnaBL with the SgnaRAIP or SgnaLAIP, let f € A and let 

coy=axRy-yL;"' for all x,y € G. Then (Gy,°) is a Sy«AIPL if and only if f € Ny(H,-). 
Proof. Since (Gy,-) is a SgnaBL, J = Jy = J, in (H,-). Using (6) with g = f7!, 


sJ, = sRyJLy. (17) 
H,°) 18 a Oyst lt (roy =ZXd,°Y or all Ty € 1 
G is a Syst AIPL iff J, Ji,o yJi, for all AA iff 
(w@Ry-yLy*) J, = aJ,Rz-yJ,LF". (18) 


Let 2 = uR;* and y = vLy and use (16), then (18) becomes (uv)ReJL¢ = uJ Ly Re vl Rye J 
iff a = (JLsRy,Ly¢RyJ,RyJLy) € AUT(H,-). Since (Gy,-) is a Sj«AIPL, so (J,J,J) € 
AUT(H,:). So, a € AUT(H,:) @ 6 = of J, J, J)(Ry-1,Ly-+Ry-1, Rp-1) € AUT(H,:). Since 
(Gy,-) is a Sona BL, 

wbpRypLy-rRs-. = [f-'(fa- f\lf—* = [(f-'f-2)flf-* = « for all « € G. That is, 
LyRyLs-1Ryz-1 = I in (Gy,-). Also, since J €¢ AUM(H,-), then ReJ = JRz-1 and LyJ = 
JL y-1 in (H,-). So, 
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6 = (JLyRyIRG1,, Lp Rp J°L y+ Ry-a, Rp JLsIRy-1) = 


(JLp IRs Rel, Ly Ry Lyi Ry—1, Rp Ly Ry-1) = (Lg, 1, Rp Ly Ry-1). 


Hence, (Gy, 0) is a Sys AIPL iff G6 © AUT(H,:). 

Now, assume that @ ¢ AUT(H,-). Then, xLy-1 -y = (ay)RsLy-+Ry-s for all x,y € H. 
For y = e, Ly-1 = ReLs-1Ry-1 in (H,-). So, B = (Ly-1,1,Ly-1) € AUT(H,:) > fot € 
N)(H,-) => f € N)(4,_). 

On the other hand, if f € N)(H,-), then, y = (Ly7,1I,Ly) € AUT(H,-). But f ¢€ 
Ny(H,-) > L7! = Ly-1 = Ry Ls—1Ry- in (H,-). Hence, 6 = 771 and 6 € AUT(H,}). 

Corollary 1. Let (Gy,-) be a SgnaBL and a S15: AIPL. Then, for any special loop (Gy, °) 
that is S-isotopic to (Gy,-), (Gx,°) is a Sys AIPL iff (Gy,-) is a Sys+-loop and a Sjs+ commu- 
tative loop. 








Proof. Suppose every special loop that is S-isotopic to (Gy,-) is a Sys: AIPL. Then, 
f € N)(H,-) for all f € H by Theorem 9. So, (Gy, -) is a S;st-loop. Then, y~'a~ = (ay)~! = 
x ‘y~* for all x,y € H. So, (Gyz,-) is a Sys+ commutative loop. 

The proof of the converse is as follows. If (Gy,-) is a Syst-loop and a S;s: commutative 
loop, then for all x,y € H such that roy=azRy - yL; 


(woy)oz= (aR -yLy')Ry-2Ly' = (wf fly) f tz. 
xo(yoz)=aRy-(yRy- 2L;")L;" Saf ype eB): 
So, (roy)oz=20(yoz). Thus, (H,0°) is a group. Furthermore, 
goy=aRy- yl, =af fCys2-yoy-cnyfflesyor. 
So, (H,0) is commutative and so has the AIP. Therefore, (Gy,0) is a Syst AIPL. 

Lemma 2. Let (Gy,-) be a SgnaBL. Then, every special loop that is S-isotopic to (Gy, -) is 
S-isomorphic to (Gy, -) if and only if (Gz, -) obeys the identity (x- fg)g~'-f\(y- fg) = (xy)-(fg) 
for all cz, y € Gy and f,g € A. 

Proof. Let (Gy,°) be an arbitrary S-principal isotope of (Gxy,-). It is claimed that 


Ryg 
(Giy-) =) (Gu,0) iff Ryg 0 yRyg = (w+ y) Rpg iff (@- fg)Ry*- (y+ fo) L7* = (w+ y)Ryg iff 
(x fg)g~* - f\(y- fg) = (xy) - (fg) for all a,y € Gy and f,g € H. 

Theorem 10. Let (Gy,-) be a SgnaBL, let f € H, and let roy = «Ry - yL5* for all 
x,y € G. Then, (Gy,-) = (Ga#,°) if and only if there exists a S,s: pseudo-automorphism of 
(Gy,-) with Ss: companion f. 

Proof. (Guy,-) = (Gu, ©) if and only if there exists T € SSY M(Gy,-) such that zToyT = 
(x-y)T for all a,y € Giff eT Ry yTL;* = (ax- y)T for all x,y € G iff a = (TRy,TL;",T) € 
Sis: AUT(Gy). 

Recall that by Theorem 2, (Gi,-) is a Sg.aBL iff (Ry*,Ly¢Ry, Rp) € Sie AUT (Gu, -) for 
each f € H. So, 


a € Sis AUT(Gy) & 8 = a(R", Lp Rs, Ry) = 
(T,TR;,TRy) € Sis AUT(Gy,-) & T € Sys PAUT (Gx) 
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with Syst companion f. 

Corollary 2. Let (Gx,-) be a SgnaBL, let f € H and let roy = aR; - y Lz for all 
x,y € Gy. If f € N,(H,-), then, (Gx,-) = (Gux,°). 

Proof. Following Theorem 10, f € N,(H,-) > T51ssPAUT(Gy) with S)s« companion f. 

Corollary 3. Let (Gy,-) be a SgnaBL. Then, every special loop that is S-isotopic to 
(Guy, -) is S-isomorphic to (Gy,-) if and only if each element of H is a Sys: companion for a Sys 
pseudo-automorphism of (Gy,-). 

Proof. This follows from Theorem 8 and Theorem 10. 

Corollary 4. Let (Gy,-) be a SgaBL. Then, (Gy,-) is a SGS-loop if and only if each 
element of H is a Ss: companion for a Sst pseudo-automorphism of (G'y,-). 

Proof. This is an immediate consequence of Corollary 4. 

Remark 4. Every Bol loop is a SgnaBL. Most of the results on isotopy of Bol loops in 
chapter 3 of [19] can easily be deduced from the results in this paper by simply forcing H to 
be equal to G. 
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Abstract Binary polynomial and Binary pure even polynomial through the introduction of 
recursive method, using the two polynomial solve the problem of the average value formula 
with the sum of numbers of binary. 

Keywords Binary polynomial, binary pure even polynomial, pure even partition of set nu- 


mber, characteristic function. 


81. Introduction 


In the paper [1], U. S. experts in number theory Florentin Smarandache put forward 
function of the digital sum of the number of columns so that people study it. Paper [2-5] 
mainly to binary numbers and function of some low times have been studied. In this paper, 
using a recursive method provides a binary number and function of the mean value formula 
A, (2*) and A, (N), and give evidence. with the paper [2-5] compared to the structure of the 
conclusions clear, convenient and practical, conclusions more comprehensive, easy to theoretical 
study of the characteristics of. To study the convenience of, the paper k and p both are non- 
negative integer, we give 

Definition 1.2! Set m = 2": + 242 +...4 2 (ky > kp > +++ >ks > 0), call a(m) = 3 1 
as the sum of numbers of binary, call A,(NV) = > a?(m) as the average value of pinchon 
a(m). uss 

Definition 2. Defined polynomial t, (k) as Binary polynomial: satisfy the recurrence 
relation to (kK) = 1,tp41 (k) = 2kt, (k) — kt, (k — 1). 

Definition 3. Defined polynomial g, (k) as Binary pure even polynomial: satisfy the 
recurrence relation go (k) = 1, 91 (k) = 0, gp42 (k) = k*.gp (k) — k (k — 1) Gp (k — 2). 


§2. The main conclusions 


Theorem 1. Given t, (k) is Binary polynomial, then A,(2*) = t, (k) 2*-?. 
Theorem 2. Set integer N = 2: + 22 +...4 2's (ky > ko >-++ > ks), gn (k) is Binary 
pure even polynomial, r; = k; + 2 — 2(i = 1,2,---,s), then 


A,(N) = S- S- gn (ki) pha ™ | oF P 
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Corollary. Suppose r; = k; + 20 — 2, gia = kj (3k; — 2), gig = ki (15k,? — 30k; + 16), then 
(1) Ai (N) = >> (ky + 21-2) 2%-1, (2) Ag (N) = (ey + kya, 


i= 





3 + Bkers)2*-3, (4) Ag (N) = DD (rit + 6hiri? + gia) 2-4, 


i=1 


3 
° 
| 


(3) As(N) = 3° 
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§3. Proof of Theorem 1 


3.1. Preparation 


Lemma 1. Verify (1 + e”)* = 2, An(2") Fr 
p= 


Proof. A positive integer in the binary of less than 2*, each can take a digital “0” or 


k 
“1”, and affect each other, k-digit number in a j-bit integer to take a total of (7-= 


q 
0,1,2,---,k), this integer numbers that the sum of numbers are j, their sum of p-times 
J 
_{[ & |). 
is _ | g?, then 
J 
ae: 
A,(2*)=S>( | 9. (1) 
j=0 J 
According to the binomial theorem to know function 
ef Ys 
ve(a)=(1+e")h= ST [ Jer, 
j=0 Jj 

p-derivative of function is 

é k 

nmay= rel” Jer 
j=l J 
then 
(p) k Pp 
u,”)(0) = S- j (2) 
j=l J 
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Then 
: ia zP as Pp 
(1+ e")* = u% (2) = dP OT - Dd, Av(2") 
p=0 p=0 


Definition 4. Called function vz (x) = (1 + e”)* is a characteristic function of Ap(2*). 


3.2. Proof of Theorem 1 


Derivative of function vz(z) = (14+ e%)* is ug'(z) = k(1+.e7)*-te™ = k(1+e7)* — 
k(1+e7)*-!, Then vg!/(x) = ku, (x) — kug_i(x). So vg t) (x) = hug) (ax) — kup_1 ©) (2). 
Then vg'?t) (0) = kuz”) (0) — kug_1)(0). The use of (3) available 


Api (2") = kAp (2*) = kAp oo) : (4) 
Suppose 
Ap(2") = fy (k) 2°", (p = 0,1,2,---). (5) 
Then Ap+1(2*) = fp+1 (k) 7 ee ae Ap(2*-") = fp (k—1) gb), 
All of the above three type substituted into (4) may 
fot (2 a he fe 2? =k (ee 12. 


Simplification may 


Foti (k) = 2k> fyo(k) —k- fo (k-1),(p=0,1,2,---). (6) 
By (3) available Ag(2") = v (0) = 2*, by (5) available Ap(2*) = fo (k) 2*, 
So fo(k) 2" = 2", that 
fo (k) = 1. (7) 
By (6) and (7) available polynomial f, (k) to meet the definition of two terms in t, (k) 
recursive, so fp (k) = ty (k). 
Substituted into (5) available A,(2") = t, (k) 2*-?. 
This proves the theorem. 


84. Proof of Theorem 2 


4.1. Two lemma 


lo) Pp es) P co P Pp gP 
Lemma 2.!71 a _ b a = Ap—hon | —. 
(5 Ppl p> ? pl p> Pa h Bir p! 


xv =i 
Lemma 3. chx = a is Hyperbolic cosine function, g;, (k) is Binary pure even 
k_ xP 
polynomial, verify (chx)" = )7 gp (k)—. 
p=0 Pp: 


Proof. Set 
wr(x) = (cha)*. (8) 
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Then 
wr (x) = k(cha)*—'sha, 


wr (a) = k(k—1)(cha)*-*sh?x + k(cha)*—\che 
= k(k—1)(cha)*~? (ch? —1) + k(cha)* 
k?(cha)* — k(k—1) (cha)*-?. 


The use of (8) available w,’ (x) = k? wy (x)—k (k — 1) wp_o(a). So wy? t?) (ax) = k? wy?) (ax)— 
k(k —1) we_2) (a). That 


we +?) (0) = k? wy”) (0) — k (k — 1) we_2)(0). (9) 
Suppose 
we?)(0) = fp (k) , (p = 0,1,2,-+°). (10) 


Then wz t?)(0) = fp42(k), we-2”)(0) = fp (k — 2). 
All of the above type substituted into (9) 


fp+2(k) = k? fp (k) — k(k-1) fp (k 2). (11) 
Combining (8) and (10), we have 
fo (&) = we(0) = 1, fir (K) = we'(0) = 0. (12) 


By (11) and (12) available polynomial f, (k) to meet the definition of three terms in gp (k) 
recursive, So fy (k) = gp (k). Combined (10) available wz?) (0) = gp (k). So 


(cha)* = > wz?) (0) Ip (k 


4.2. The transformation of the problem 


Given an integer N = 2": +2'2 +...42*s(ky > ky >--- > ks > 0), interval [0, N) divided 
into the interval between s plots N; = [2"1 + +--+ 2*-1,2%1 +... 4 2%-1 49") (j= 1,2,---,8), 
Set A,(N;)= 35 a?(m), then 


meN; 


A,(N) =A (Ni). (13) 


In the range of 2** integers in interval N;, k; -digit number in a j-bit integer to take a 
i 


j 


total of ,(j7 = 0,1,2,---,k;), from the (k; + 1)-bit to the &, -bit numbers the sum of 


bE 
numbers are (i — 1), this ‘| integer numbers the sum of numbers are (i —1+ j), their 
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k; 
sum of p-times is [| ° | (i—1+)?, then 


4(=>°( * \@-1497. (14) 
j=0 J 


The use of the binomial theorem to get function 


Rd te, Be or 
U; (x) = er (1 +4 ens = ee : eit = ‘ eae 
j=0 \ J j=0 \ J 
p-derivative of function is 
u,(?? (x) = S- ‘ (i —1+ jet, (15) 
j=0 J 
Combining (14) and (15), we have 
Ap (Ni) = us”) (0). (16) 


So characteristic function of Ay (Nj) is uj (x) = e°-Y)*(1 + e?)™, 


4.3. Proof of Theorem 2 


Because 
i t+i-—l)ay = Dy) Ri Si4e-1)¢ ki 
u; (x) = e@-D8(1 4+ et) = Aer 1) (ez +e 5)" = Qh (ae) ( n=) : 
Set 
ry =k, +2i-—2,(¢=1,2,---,8), 
so 
ki 441) ri 7B? xP 
o( #+-1) =F =) (17) 
p=0 pm 
Also according to Lemma 3 
wy ki = r\P 1 as aP 
(che) ” = So op (SF) 5 = 0 2-Pap (he) (18) 
p=0 Pr p=0 P 
Combining (17), (18) and Lemma 2, we have 
eee ky 
uj(x) = ahi e( +4 1) (chs) 


p=0 
co Pp —h 
_ ky P ri? h xP 
= 2 » 2 4 re gh (Ri) | 
p= = 
~ P Pp xP 
a S- ghi-p S- Gh (ki) rye a (19) 
p=0 h=0 h 7 
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Combining (16) and (19), we have 


p 
Ay (Ni) =u: (0) =2*-? |S> {P| gn (hi?) (20) 
nao \ h 
s 8 Pp 
By (13) and (20) available A,(N)) = )5 Ap (Ni) = 5 | YO . on (ky) rx?” | 2? 
i=l i=1 |n=0\ h 


This shows that the Theorem 2 is true. 


§5. The relationship between Binary pure even polynomial 


and Pure even partition of set number 


Can be seen from Theorem 2, Binary pure even polynomial in the expression is essential, I 
have studied a class of several, as pure even partition of set number, following pointed out that 


the Binary pure even polynomial and Pure even partition of i number har a ae 


Definition 5.!°! j is non-negative integer, power Suvieg = (chaz — 1)? >» Sa (p,j) = ~ the 
j 


coefficient S4(p, 7) is called the definition of pure even partition of set an = 
Theorem 3. Factorial function [k], = k(k—1)---(k—j+1), then 


Binary pure even polynomial gp (k) = >? Sa (p,j) [k];- 
j=0 


Proof. Because 
k k k 1 
(cha)* = [(cha — 1) +1]* =D) "| (cha — 1)’ = » [k] (che 1) (21) 


By the definition of 5 available 


1 ot 
+ (cha - 1) = > S4(p,5) 2. (22) 
j! aa pl 
Combining (21) and (22), we have 
k ee) xP ee) lee) xP 
(char) = iA 1,54 (p. 4) > = S> 54 (p, 4) []; wh 
j=0  p=0 PY p=0 | j=0 ” 
Combination of Lemma 3 available 
Sat Va ae S54 (p, 5) (Al; ot 
p=0 p=0 | j=0 


So gp (k) = D7 S4 (p, 3) [k];, (p = 0,1, 2,-- +), prove complete. 
j=0 
Theorem 4. Pure even partition of set number $4(p,k) there is a recursive relation- 
ship: $4(0,0) = 1; S4(1,7) = 0; S4(p,0) = $4(0,7) = 0, p > 1,7 > 1, and Si(p + 2,7) = 
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Proof. Know from the Definition 5 


oS xP 1 oA ee ae 
S° 54 (p,J) 7 = (cha = “( Cr og a re) ‘ 
= p! qi gi \ 2! 4! 6! 





Because the expansion does not contain x, so S4(1,7) = 0; 
When j = 0, only the constant term $4 (0,0) = 1, $4 (p,0) = 0, (p > 1); 
When j > 1, expansion does not contain the constant term, so S4(0,7) = 0; 


Set o(x) = YS (P.5) F. 
So _ so 2 a 
0° (2) = 3154.9) Gay = DSO + 2A) oy (28) 


Also, according to the Definition 5 known y(x) = S> S4(p,j) = = si(cha =I): Se 
p=0 


o(e= Gay (che —1)'""she. 


Then 





ee fe cha — 1)? sh?x 4 che j- 
Oa) = Gagylcte Patt t Gy lohe 1 


go1 j-2 (72 uy jca 
= : cha —1 ch*x —1)+— cha —1 cha 
G9! -_ ) 0 


= G-D (cha — 1)’ [(j — 1) (cha + 1) + cha] 


1 j-ltyo- : 
= Gaqpylene— WT @I— 1) + 5 (cha — 1) 


= (2)-1)- 











1 
(j-1)! 


= G4-DYKOI-NF +P SOA) F. 


p=0 p=0 





= 1 ' 
(he 1)" py = (cha — i} 
4! 


So 


a p 


2" (0) = (25-1) Si (.5- 1) + 7°54.) F 
p=0 , 


Combining (23) and (24), we have 


oa Pp 


S- 54 (p + 2,3) a => [7 - 1) Ss (p,j — 1) + 5754 (0,9) aE 


p=0 “  p=0 


So $4(p + 2,7) = (27 — 1) Sa(p,j — 1) + 9?S4(p,j). This proves the theorem. 


Conclusion 


The use of Theorem 3 and Theorem 4 expression available to Binary pure even polyno- 
mial.When the & value is not significant,applications (1) or (14) is also a convenient, when the 
k value is significant, application of theorem 1 or theorem 2 on the much simpler. 
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The adjoint semiring part of IS-algebras 
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Abstract Let X be a IS-algebra, AS(X) = {x € X|0 * (0x x) = 0 « x} be called the adjoint 
semiring part of X. It be proved that AS(X) is subalgebra and ideal of X, and it is semiring 
about operation “ +” by which « + y = 0* (a * y) and “-” on IS-algebra X, and its some 


other properties are given. 


Keywords [S-algebra, ideal, subalgebra, adjoint semiring part. 


81. Introduction 


The notion of BCI-algebra was formulated first in 1966 by K. Iseki. The IS-algebra (BCI- 
semigroup) was introduced in 1993 by Y. B. Jun. The author gave the ring part and the adjoint 
ring part of IS-algebra and discussed their properties in [4]. In this paper, we will give the new 
concept of adjoint semiring part on IS-algebras, and discuss its good properties, in order to 
explain its significance. 

We stated the some relational definitions and conclusions for convenience of discussion. 

Definition 1.!) An algebra (X, *,0) of type (2,0) is said to be a BCL-algebra if it satisfies: 

(2) (w* (w@*y)) ¥y = 0. 

(3) rxxz=0. 

(4) 


In a BCl-algebra X, define a binary relation < by which « < y if and only if x * y = 0 for 


x*xy=Oand yxx=0 imply z= y. 


any x,y € X, then < is a partially ordered on X. 
Lemma 1.!! Let (X, *,0) a BCLalgebra, for all a, y, z € X, we have (1) (w*xy)*z = (x*z)*y. 
(2) 2x*0=a. 
(3) Ox (ax y) = (Ox x) * (Oxy). 
(4) 0x (O*(O*xx)) =Ox*x. 
(5) 2*0 =0 imply a = 0. 
Definition 2.2.3] A IS-algebra (BCI-semigroup) X is a non-empty set X with two opera- 
tions “*” and , and with a constant element 0 such that following axioms are satisfied: 
(1) (X, *,0) is BCl-algebra. 
(2) (X,-) is semigroup. 
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(3) Distributive law: x-(y*z) = (a-y)*(a-z), (v*y)-z = (az) *(y-z), for any vy, z © X. 
x+y is usual to be written xy and IS-algebra (X, *,-,0) is usual to be written X for short. 

Lemma 2.7! In a IS-algebra X, we have 0x = «0 = 0. 

Let Y be the non-empty subset of IS-algebra X, if operations “ * ” and “-” are closed in 
Y, then (Y, *,-,0) is IS-algebra too, we call it is a subalgebra of XI. 

Definition 3.) Let I is a non-empty subset of IS-algebra X, It is said to be ideal of X, if 

(1) For any x € X, for any a €I, then xa, ax € I. 

(2)c*xy€landy€limply cel. 

Definition 4.!! In a IS-algebra X, the set 


R(X) = {x € X|0 xa =a} 


is said to be ring part of X. 


AR(X) = {a € X|0* (0+ 2) = x} 


is said to be adjoint ring part of X. 

Lemma 4.'4] In a IS-algebra X, Ring part R(X) is a subalgebra of X and a ring that 
character is 2. AR(X) is subalgebra of IS-algebra X, and adjoint ring part AR(X) is a ring 
about operation “ +” by which «+ y = x * (0 * y) and operation “-” on IS-algebra X. 


§2. New concept 


We first prove a theorem for introduction a new concept. 

Theorem 1. In a IS-algebra X, Let AS(X) = {x € X|O0 « (0* 2) =0« a}, then 
(1) AS(X) is subalgebra of IS-algebra X. 

(2) Let x+y =0x« (ay), then (AS(X),+,-) is a semiring, and have 





r+y=yta(ety)t+z=xr+(y+z2). 


Proof. (1) Obviously, 0 € AS(X), so AS(X) 4 @. 

For any «,y € AS(X), We have 0 (0*(a*y)) = (O0*«(0*x))*(0*(Oxy)) = (0x2) * (Oxy) = 
O«x (ay). that is a * y € AS(X). 

In addition, since 0 * (0 *« (xy)) = (Oy) * ((Oy)) * (xy)) = (O* (0 * (x))y = (Ox a)y = 
(Oy) * (zy) = 0* (vy). That is zy € AS(X), hence AS(X) is a subalgebra of X. 

(2) For any x,y,z € AS(X), we have 0 « (0* (x +y)) =0* (0 * (0 *« (a * y))) = 0 * ((0 * (0 * 
x)) *(O*« (O*x y))) =O* ((O*x x) x (Ox y)) =0* (Ox (xx y)) =0* (a+ y). then r+ y € AS(X). 

In addition, since x + y = 0* (ax y) = (Ox 2) * (O*y) = (0x (0% x)) * (Oxy) = 
(Ox (Ox y)) *(Oxx) = (Oxy) *(Oxxr) =Ox(yxr) =y+z, thatisr+y=ytal(ety)+z= 
Ox ((O« (a *y)) * z) = (Ox (0 «x (a x y))) * (O* z) = (Ox (a x y)) * (0 * z) = 0 ((a xy) * z). Hence 
(c+ z)+y=0x((a*z) xy) =0* ((wxy) *z) =(ax+y)+2. Therefore, AS(X) is a semigroup 
about above operation “ +”. Also, since AS(X) is closed about operation “-” on IS-algebra 
X, we have x(y + z) = «(0 * (y * z)) = (a0 « (ay * wz)) = (0 * (wy ¥ wz)) = axyt+ az. 

In same reason, (a + y)z = xz + yz, so (AS(X),+,-) is a semiring. 
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Definition 4. In a IS-algebra X, the set 
AS(X) = {a € X|0 * (Ox 7) =0* a} 


is said to be adjoint semiring part of X. 
Clearly, the adjoint semiring part of X is semiring on above “+” and “-” by Theorem 1. 
Example 2. LetX = {0,a, b,c}, operation “-” by xy = 0, and operation “ « ” is following: 











*/|O0};albie 
0;0;/c]O0);a 
ala|O/ale 





b|b]|c]Oj]a 























c}|c]/O]cja 





Then (X, *,-,0) is IS-algebra, and R(X) = {0}, AR(X) = {0,a,c}, AS(X) = {0, bd}. 


§3. Property 


Theorem 2. x € AS(X) if and only if 0 «a € AS(X). 

Proof. If x € AS(X), that is 0« (0* 7) =0x«2, then 0 * (0*«(0*«a)) =0*(0* x), therefore 
O« a € AS(X). 

Conversely, if 0 * a € AS(X), that is 0 «(0 * (0*a)) = 0 (O* a), then 0* (O* x) =0x«a, 
so x € AS(X). 

Theorem 3. x € AS(X) if and only if (0* 7) «2 =0. 

Proof. If x € AS(X), then (0 « (0* x)) x2 = (0*2)* (0x2) = are 

Conversely, if (Ox) *2 = 0, then 0«((Oxa)*xx) = (0«(0 * a))*(Oxx) = 0, (Oxx)*(O*(0 * x)) = 
(0 « (0 * (0 *« v))) xa = (Ox x) x  =0, therefore 0 « (0x 7) = 0 * a, that is  € AS(X). 

Theorem 4. Suppose x « y € AS(X), we have 

(1) if ¢ € AS(X), then y € AS(X). 

(2) if y € AS(X), then x € AS(X). 

Proof. (1) Let «* y € AS(X), « € AS(X), by Theorem 2, AS(X) is close, we have 
(a xy) * a2 = (x*«a)*y=O0xy. Therefore, y € AS(X). 

(2) Let y € AS(X), by Theorem 2, 0*y € AS(X), we have (0*y) *(a*y) = (Ox(xxy))*y = 
(O*« x) *(O*y)) xy = ((O*x (Ox y)) xz) xy = ((O* (Ox y)) xy) * x =0*x. Hence x € AS(X) 

Theorem 5. In IS-algebra X, AS(X) is ideal of X. 

Proof. In the first place, by Theorem 4 (2), wxy € AS(X) and y € AS(X) imply « € AS(X). 

In the second place, for any « € X,a € AS(X), we obtain 0*(0*(awa)) = (x0)*((20)*(xa)) = 
x(0 * (0 * a)) = 2(0 * a) = (x0) * (za) = 0 * (xa). So xa € AS(X). 

In same reason, za € AS(X), hence, AS(X) is ideal of X. 

Theorem 6. AS(X)M AR(X) = R(X). 

Proof. For any x € R(X), that is 0* a = x, then 0* (0*« 7) =0*a =a, hence x € AR(X) 
and x € AS(X), that is, c © AS(X) Mm AR(X). 
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For any y € AS(X) NM AR(X), that is 0 *« (0* 2) = 0* 2 = 2a, hence y € R(X), therefore 
AS(X)N AR(X) = R(X). 

Theorem 7. If « € AS(X), then 0 * x € R(X). 

Proof. By Theorem 2, 0 « « € RS(X), but 0 « (0 * (0x x)) =0* a, that is 0* « € AR(X), 
hence 0 « x € R(X) by Theorem 6. 

Theorem 8. If « € R(X) and y € AS(X), then a * y € R(X) and y*a € AS(X). 

Proof. Let 7 € R(X) and y € AS(X), that is 0*# = 7,0*(0* y) = 0x y, we obtain 
Ox(axy) = (Oxx) * (Oxy) = (Ox (Oxy)) xa = (Oxy) xu = (0x2) xy =axy. Soxxy € R(X). 

0 x« (0 * (y*x x)) = (0x (Ox y)) * (0x (Ox x)) = (Oxy) * (0x x) = (0 * (y * x), therefore, 
y*a € AS(X). 

Theorem 9. If « ¢ AR(X) and y € AS(X), then « * y € AR(X). 

Proof. Let x € AR(X) and y € AS(X), that is 0« (0x2) =2,0*(0*y) =0*y, we obtain 
0 « (0 * (a * y)) = (O*« (0 * x)) * (Ox (Ox y)) = (0* (Ox (Ox y))) * (Ox a) = (Oxy) * (Ox x) = 
(O« (O*xx))*y=a2*y. Therefore, x * y € AR(X). 
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Abstract For any positive integer n, the Smarandache double factorial function Sdf(n) is 
defined as Sdf(n) = min{m: me N, n|m!!}. Let y(n) be the Euler function. The main 
purpose of this paper is using the elementary methods to study the solvability of the equation 


Sdf(n) + y(n) = n, and give its all positive integer solutions. 
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81. Introduction and results 


For any positive integer n, let y(n) denotes the Euler function. That is, y(n) denotes the 
number of all positive integers not exceeding n which are relatively prime to n. 

For any positive integer n, the famous Smarandache double factorial function Sdf(n) is 
defined as the smallest positive integer m such that m!! is divisible by n, where the double 
factorial 

ae {ete ei if m is an odd number; 


2-4-6---(m—2)-m, if mis an even number. 


That is, Sdf(n) = min{m: me N, n|ml!}, where N denotes the set of all positive integers. 
For example, the first few values of Sdf(n) are: Sdf(1) =1, Sdf(2) = 2, Sdf(3) = 3, Sdf(4) = 4, 
Sdf(5) = 5, Sdf(6) = 6, Sdf(7) = 7, Sdf(8) = 4, Sdf(9) = 9, Sdf(10) = 10, Sdf(11) = 11, 
Sdf (12) = 6, Sdf(13) = 18, Sdf(14) = 14, Sdf(15) =5, Sdf(16) = 6, Sdf(17) = 17, Sdf(18) = 
12, Sdf(19) = 19, Sdf(20) = 10, ---. In reference [1] and [2], Professor F. Smarandache asked 
us to study the properties of Sdf(n). About this problem, some authors had studied it, and 
obtained some interesting results, see references [3-7]. For example, Maohua Le [4] discussed 
various problems and conjectures about Sdf(n), and obtained some useful results, one of them 


as follows: if 2/n and n = 2%n,, where a, nj, are positive integers with 2 { 1, then 
Sdf(n) < max{Sdf (2°), 2Sdf(n,)}. 


Fuling Zhang and Jianghua Li [5] proved that for any real number x > 1, we have the 
asymptotic formula 





zrinaz rina 
pe par yl: InIna a (ess) : 


n<ux 
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Jianping Wang [6] proved that for any real number x > 1 and any fixed positive integer k, 
we have the asymptotic formula 


x a a x? 
ye (Saf(n) — 3(n))° ~ = Ing | > (Ga :) 


4 
n<ax i=2 Ina 





where ¢(s) is the Riemann zeta-function, and c; are constants. 
Bin Cheng [7] studied the solvability of the equation 


Sdf(n) = y(n), 


and give its all positive integer solutions. 

In this paper, we use the elementary method to study the solvability of the equation 
Sdf(n) + y(n) = n, and give its all positive integer solutions. That is, we will prove the 
following: 

Theorem. For any positive integer n, the equation 


Sdf(n) + e(n) =n 


has and only has 4 positive integer solutions, they are n = 8,18, 27,125. 


§2. Some preliminary lemmas 


In this section, we shall give several simple lemmas which are necessary in the proof of our 
theorem. They are stated as follows: 

Lemma 1. For n > 1, let n = p{'p$?---pr* denotes the factorization of n into prime 
powers, where pj, p2,:-- , Pz are distinct primes and a1,q@2,:-- ,Q,% are positive integers, then 


we have 


y(n) =n] I (1 7 >) =p er eee a Ye Top 


Proof. See reference [8]. 


Lemma 2. If n is a square-free number, then we have 


Sdf(n) = max{p1,P2,°** Pr}; : N= pip2--:p, and 2tn. 
2-max{pi,p2,°-: Pr}; if n = 2p) po--- Dr. 
Lemma 3. For any positive integer n, Sdf(n) <n. 
Proofs of Lemma 2 and Lemma 3 can be found in reference [9]. 


Lemma 4. If m is any positive integer and p is any odd prime, then we have 
Sdf(p™) = (2m —1)p, for p > (2m — 1). 


Proof. See reference [10]. 


Lemma 5. If2{n and n= p{'p5?---p?* is the factorization of n into prime powers, then 
1 Pe k 


Sdf(n) = max{Sdf(p{"), Sdf (p57), ate , Sdf(py*)}. 
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Lemma 6. If 2| n and n = 2%ny, where a,n are positive integers with 2 {1, then 
Sdf(n) < max{Sdf(2°), 2Sdf(n1)}. 


Proofs of Lemma 5 and Lemma 6 can be found in reference [4]. 


§3. Proof of the theorem 


In this section, we will complete the proof of our Theorem. In fact from the definition of 
the function Sdf(n) we can easily deduce that Sdf(1) = 1, Sdf(2) = 2, Sdf(3) = 3, Sdf(4) = 
4, Sdf(5) = 5, Sdf(6) = 6,Sdf(7) = 7, so for any positive integer 1 < n < 7, the equation 
Sdf(n) + y(n) = n does not hold. Now we suppose that n > 8, we consider the following cases: 

I. If n be an odd integer, let n = pf'' p>? --- pe* 
where py < po <++: < pr, pi (1 <i <k) is an odd prime, a; > 0 (1 <i<k). 

1. Ifk=1, then n= p®. 

1) Ifa =1, then n= p. 

At this time, from the definition of Smarandache double factorial function Sdf(n) we know 


is the factorization of n into prime power, 


Sdf(p) = p. From Lemma 1, we get y(p) = p—1. Then 


Sdf(p) + p(p) = 2p —1> p. 


That is, Sdf(n) + y(n) > n for all n in this case. 

2) If a = 2, then n = p’. 

At this time, from Lemma 4 and Lemma 1, we have Sdf(p”) = 3p (p is an odd prime) and 
y(p*) = p(p — 1). Then 

Sdf(p*) + p(p*) = p* + 2p > p’. 

Hence Sdf(n) + y(n) > n in this case. 

3) If a = 8, then n = p’. 

i) If p = 3, then n = 3°. According to the definition of Smarandache double factorial 
function Sdf(n) we can easily deduce that 


Sdf (3°) + 9(3?) =9+3? x 2=27 = 33. 


So n = 27 is a positive integer solution of the equation Sdf(n) + y(n) = n. 
ii) If p=5, then n = 5°. Hence 


Sdf (5°) + o(5°) = 2545? x 4= 125 = 5°. 


So n = 125 is a positive integer solution of the equation Sdf(n) + y(n) =n. 
iit) If p > 7, then n = p?. From Lemma 4 and Lemma 1, we have Sdf(p?) = 5p, and 
y(p*) = p*(p — 1). Then 
Sdf(p*) + p(p") = pp? — p +5). 


In fact we know p*—p+5 < p? when p > 7. so p(p?—p+5) < p®. That is, Sdf(p?)+(p?) < p?. 
4) Ifa > 4, then n = p*. 
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From n— 9(n) = p* — p*!(p— 1) = p*“, we know if it holds Sdf(n) + y(n) = n, it must 


hold Sdf(p*%) = p*-! = min{m: me N, p* | ml!!}. Now we will prove that Sdf(p%) 4 p*?. 


a—1 a—1y] 


It’s obvious that p,p?,-+: ,p are all included in p So if p%—t!! = p™- n,, we can 
deduce that m > word) But when a > 4, we have a < ater), so Sdf(p*) < p*—1, that is, 
Sdf(p*) < p* — y(p*). We know Sdf(n) + y(n) <n for all n in this case. 

21k > 2, then w= py pe +p,” 

On one hand, from Lemma 5, we have Sdf(n) = Sdf (p{p$? --- pp") = max{Sdf(p}"), 
Sdf(p3”),--- , Sdf(pe*)}. Without loss of generality we assume that max{Sdf(p{"'), Sdf (p37), 
--» , Sdf(pe*)} = Sdf(py*), then we have Sdf(p{" p5? --- pp") = Sdf(py*) < pe*. On the other 
hand, we have y(n) = y(p{"p5? +: -pg*) = ptt "ps2? «pe "(pi — 1)(p2 — 1) -+- (pe — 1)- 

1) If Sdf(n) = pe*, we have n — Sdf(n) = pt* (pf"p9? ---pp*7' — 1). 

From 


PY pg? + -pyhy! — 1 > ptt pg? --- pees” (pr — 1)(pa — 1)- ++ (Pea — 1) 
and 
Pa > De" (Pe — 1), 
we have n — Sdf(n) > y(n). That is, Sdf(n) + y(n) <n. 
2) If Sdf(n) < p?*, it’s obvious that Sdf(n) + y(n) <n. 


II. If n be an even integer, let n = 2°%p{'' pS? +++ py. 


1. If a= 1, them m= 2pf" pS? --- pe". 

1) Ifk =1, then n = 2p*. 

i) Ifa =1, then n = 2p. 

From the definition of Sdf(n) we get Sdf(2p) = 2p. So Sdf(n) + y(n) > n for all n in this 
case. 

ii) If a = 2, then n = 2p”. 

In fact, from Lemma 6 and Lemma 4, we get 


Sdf(n) = Sdf(2p*) < max{Sdf(2), 2Sdf(p*)} = 2Sdf(p*) < 6p. 


At the same time, noting that n— y(n) = 2p? — p(p—1) = p(p+1). We know 6p < p(p+1) 
when p > 7. So when p > 7, Sdf (2p?) + y(2p) < 2p”. For p = 3 and 5, we have: 

ii)’ When p = 3, Sdf(2 x 32) = 12, y(2x 32) = 6. So Sdf(2x 32) +y(2x 32) = 18 =2x3?. 
Hence n = 18 is a solution of Sdf(n) + y(n) =n. 

ii)” When p = 5, Sdf(2 x 5%) = 20, y(2 x 52) = 20, and Sdf(2 x 52) + y(2 x 52) <2x 52. 
So n = 2 x 5? is not a solution of the equation. 

iii) If a = 3, then n = 2p’. 

iii)’ When p = 3, We have Sdf(2 x 33) = 18 = 2 x 33, so Sdf(2 x 33) + y(2 x 33) > 2x 33. 

iti)” When p > 5, from Lemma 6 and Lemma 4, we have 


Sdf(2 x p®) < max{Sdf (2), 2Sdf (p*)} = 2Sdf(p*) = 10p. 


Noting that, 2p? — y(2p?) = 2p? — p?(p — 1) = p?(p+ 1). We know p?(p+1) > 10p. So 
Sdf(n) <n-— y(n), that is, Sdf(n) + y(n) <n. 
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iv) Ifa > 4, then n = 2p*. 

It’s easy to show that n — y(n) = 2p% — p*!(p — 1) = p® (p+ 1). In fact if it holds 
Sdf(n) + y(n) =n, it must hold Sdf(2p°) = p°~!(p+1), but it’s not true. Because it’s obvious 
that p, p?,--- ,p%~+ are all included in p*~!(p+1)!!, so if p?~!(p+1)!! = p™-n1, we can deduce 
that m > word) But when a > 4, we have a < werd) so Sdf(2p*) < p*!(p +1), that is, 
Sdf(2p*) < 2p* — p(2p*). 

2) If k > 2, then n = 2p pS? --+pe*. 

Firstly, from Lemma 6 we have 


Sdf(n) = Sdf(2py" pz? ---p,*) 
< max{Sdf(2),2Sdf(p{*py? --- py") } 
= 2Sdf(py'p5?--- py") 
= 2max{Sdf(p}'), Sdf(p3),--- , Sdf(py*)}- 
For convenience we assume that max{Sdf(p{''), Sdf(p$?),--- ,Sdf(pp")} = Sdf(pp"). So 
Sdf(n) < 2Sdf(pR*) < 2py. 
And from Lemma 1, we have 
p(n) = py *py?-* «+ pee— "(pr — 1)(p2 — 1) +++ (Pe — 1). 
i) If Sdf(n) = 2p", then n — Sdf(n) = 2pe* (pips? +++ pp *>* — 1). 
From 
PU pg? + paeg! — 1 > per *pg?-*---peey? "(pi — 1)(p2 — 1) +++ Pea — 0), (1) 
and 
ape >a (ep — 1); (2) 
we get n — Sdf(n) > y(n). That is, Sdf(n) + y(n) <n. 
ii) If Sdf(n) < 2p*, it’s obvious that Sdf(n) + y(n) <n. 
2. If a > 2, then m= 2%pj" ps7 > p,*: 
1) Ifa; =0(1 <i <k), then n = 2°. 
i) When a = 3, Sdf(23) + y(23) =4+4 = 8, so n = 8 is a solution of the equation. 
ii) When a > 4, n— y(n) = 2°. In fact Sdf(2%) 4 2%-1. Because 2,2?,--- ,2°-1 are 
(a-1) 


all included in 2°~"!!, so if 2-1!!! = 2™-m,, we can deduce that m > “S—. But when 


a > 4, we have a < S950 Sdf(2%) < 2°71. Hence Sdf(2%) < 2% — y(2%), that is, 
Sdf (2%) + y(2%) < 2%. 

2) If ke > 2, then n= 2"pi*p5? <p”. 

For convenience we assume that max{Sdf(pf'), Sdf(p5”),--- , Sdf(pe*)} = Sdf(pz*). So 
from above Lemmas, we get 


Sdf(n) = Sdf(2%p{'py? + pR*) 
< max{Sdf(2°), 2Sdf (pt p3? ---pe*)} 
= max{Sdf (2%), 2Sdf(p2*)} 
< 2p. 
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Now note that y(n) = 2% p71 p$271 ...p@*—1(p, —1)(p2—1) - +: (pp—1) and n—Sdf(n) = 
2° pe" (pt ps? ---pp*;' — 1), using the same method in (1) and (2), we can easily deduce that 
n — Sdf(n) > y(n). It’s clearly that there is no solutions satisfied Sdf(n) + y(n) = n in this 
case. 

Now combining the above cases we may immediately get all positive solutions of the equa- 
tion Sdf(n) + y(n) =n, they are n = 8,18, 27,125. 

This completes the proof of Theorem. 
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81. Introduction 


Smarandache notions on all algebraic and mathematical structures are interesting to the 
world of mathematics and researchers. The Smarandache notions in groups and the concept 
of Smaranadache Semigroups, which are a class of very innovative and conceptually a creative 
structure, have been introduced in the context of groups and a complete possible study has 
been taken in [11]. Padilla Raul intoduced the notion of Smarandache Semigroups in the year 
1998 in the paper Smarandache Algebraic Structures [6]. 

In [5], the concept of regularity was first initiatied by J. V. Neumann for elements of 
rings. In general theory of semigroups, the regular semigroups were first studied by Thierrin 
[7] under the name demi-groupes inversifs. The completely regular semigroups were introduced 
by Clifford [2]. 

The notions of regular element, completely reagular element of a semigroup are very much 
useful to characterize Smarandache Semigroups. In this paper we present characterizations of 
Smarandache Semigroups. Besides, some more theorems on Smarandache Semigroups, examples 
are provided for justification. In Section 2 we give some basic definitions from the theory of 
semigroups (See [3]) and definition of Smarandache Semigroup (See [11]). In Section 3 we 


present our main characterization of Smarandache Semigroups and examples for justification. 


§2. Preliminaries 


Definition 2.1.8] A semigroup is a nonempty set S$ in which for every ordered pair of 
elements x,y € S, there is defined a new element called their product xy € S, where for all 
x,y,z € S we have (xy)z = r(yz). 

Definition 2.2.'! An element b of the semigroup S is called a right divisor of the element 
a of the semigroup if there exists in S an element x such that +b = a. b is called the left divisor 
of a if there exists in S an element y such that by = a. 
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If b is a right divisor of a, we say that a is divisible on the right by b. If b is a left divisor 
of a, we say that a is divible on the left by b. 

Definition 2.3.'! An element 6 of a semigroup S is called a right unit of the element a of 
the same semigroup, if ab = a. 

Left unit is defined analogously. An element that is both a right and a left unit of some 
elemet is called two-sided unit of that element. 

An element I which is its own two-sided unit is called an Idempotent : J? = I. 

Definition 2.4.!3! An element a of a semigroup S is said to be regular, if we can find in S 
an element x such that axa = a. 

A semigroup consisting entirely of regular elements is said to be Regular semigroup. 

Definition 2.5.) An element a is said to be completely regular if we can find in S an 
element x such that ara = a; ax = xa. 

A semigroup consisting entirely of completely regular elements is said to be completely 
regular. 

Definition 2.6.) An element e of a semigroup S which is a left unit of the element a € S 
is called a Regualar left unit if it is divisible on the left by a. 


e is called a regular right unit of a if it is a right unit of @ and is divisible on the right by 


e is called a regular two-sided unit of a if e is a two-sided unit of a and is divisible both on 
the left and on the right by a. 


In [3], the following observations are known: 

2.6.1. Concepts of regularity and complete regularity coincide for commutaive semigroup. 

2.6.2. Ife € S is a regular left unit of a € S there must exist an x € S such that ea = a, 
ax =e. The condition that e should be a right regular unit is ae = a, ra =e. 

2.6.3. Every idempotent is completely regular. It is its own regular two-sided unit. 

2.6.4. A regular left unit of an arbitrary element is always an idempotent. 

2.6.5. No element in a semigroup 5 may have two regular two-sided units. 


2.6.6. If an element has regular two-sided unit then it is completely regular. 


§3. Proofs of the theorems 


In this section we give characterizations of Smarandache Semigroups by proving the fol- 
lowing theorems. 

Theorem 3.1. A semigroup S is a Smarandache Semigroup if and only if S contains 
idempotents. 

Proof. Let S be a Smarandache Semigroup then there is a proper subset G C S such that 
G is a group under the operation defined on S. The identity element e of G is its own two-sided 
unit i.e., e? = e, in S. Hence, S contains idempotent. 

Conversely, assume that the semigroup 5 contains idempotents. Let J be an arbitrary 
idempotent of the semigroup S. Write G,; for the set of all completely regular elements of 5S for 
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which I is a regular two-sided unit. In view of (2.6.3), Gy is a nonempty subset of S as G; 
contains I. 

Now we show that G; is a group under the operation on S. Let 91, gz be any two elements 
in Gy. Since J is a regular two-sided unit of g, and gz we have for some uj, U2, V1, V2 in S. 


T=g1u1, I = goue, I = 191, I = v2g2 from this we have 








(g1g2)(u2u1) = gi(goue2)uy niu =u =, 


next, 








(v2v1)(gig2) = ve(vigi)g2 = valg2 = vage = I. 
Since, I is a two-sided unit of the element gg2, I is a regular two-sided unit of gig2. In 
view of (2.6.6), we have gigz € Gy. Therefore G; is a semigroup with unit J. Since J is clearly 
a two-sided unit for Ju;J and 


IP=I1l = gwI = 9,(1u,J), 
= Ug1 = vill gy = vigiuilgi = Iuylgqi, 


it follows that I is a regular two-sided unit of the element Iu ,J. In view of (2.6.6), IuiI € Gy 
and further, [u,I is a two- sided inverse of g; with respect to J. From this we get the fact that 
every element in G; has a two-sided inverse in Gy as g; is an arbitrary element of G; with unit 
I. So, the proper subset G; C S' is a group and hence S$ is a Smarandache Semigroup. 

Theorem 3.2. A semigroup S is a Smarandache semigroup if and only if S contains 
completely regular elements. 

Proof.Suppose that the semigroup S is a Smarandache semigroup then there is a proper 
subset G C S which is group under the operation defined on S. Clearly, the identity element 
e € G, which is a regular two-sided unit of any arbitrary element of the semigroup, is completely 
regular. 

On the other hand if the semigroup 5S contains a completely regular element, say a, then 
a has an idempotent element J as its regular two-sided unit. In view of the Theorem 3.1, the 
proper subset G; C S is a group. Hence, 5S is a Smarandache Semigroup. 

Theorem 3.3. Let S be a Smarandache Semigroup. The set C’ of all completely regular 
elements of S can be expressed as the union of non-intersecting groups. 

Proof. Let S be a Smarandache Semigroup, C be the set of all completely regular elements 
of S and H be the set of Idempotent elements of S. 

In view of Theorem 3.1 and Theorem 3.2, C 4 ¢ and H # ¢. Let c € C then C has an 
idempotent J as its regualr two-sided unit. In view of Theorem 3.1 c € G; which is always a 
group. In view of (2.6.5), no element may have two regular two-sided units. It follows that the 
groups G;, I € H are all mutually disjoint. Therefore, C = UyeyGr. 


84. Examples 


In this section we give examples for justification. 
Example 4.1. Let S = {e,a,b,c} be a semigroup under the operation defined by the 
following table. 
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Table 1 


Clearly, the operation is commutative. Inview of (2.6.1), the completely regular elements 





of S are e, a, b, c as eee = e, aaa = a, bbb = b, ccc = c. Moreover the idempotent elements are 





€, C. 

Now G.= { e, a } as e is regular two-sided unit of e, a and G.= { c, b } as c is regular 
two-sided uniit of c, b. Using the Table 1, we can easily see that G. and G, are groups. Further, 
GeNG. = ¢. Let C = {e,a, b,c}, we can easily see that C = G. UG. 

Example 4.2. Let S = {1,2,3,4,5,6} be a semigroup under the operation defined by 


















































xy = the great common divisor of x,y for all x,y € S. The composition table is as follows: 

1)/2)3)4)5)6 
1/1)1)1)1)1)i1 
2/1/2/1/2/1/2 
3/1)/1/3/1/11]3 
4}1/2}1/4]11}]2 
S5}/1/)/1]}/1})/1/5)]1 
6/1/2/3/2/11/6 

Table 2 


We can easily see that 5S is a commutative semigroup. The completely regular elements 
in S are 1,2,3,4,5,6 as 111 = 1, 222 = 2, 333 = 3, 444 = 4, 555 = 5 and 666 = 6. Write 
C = {1,2,3,4,5,6} for the set of all completely regular elements of S and H = {1,2,3,4,5,6} 
for the set of all idempotent elements of S. Now, G; = {1} as 1 is the only regular two-sided 
element of 1. Obviously, we have Gz = {2}, Gs = {3}, Ga = {4}, Gs = {5}, Ge = {6}. Further 
G1, G2, G3, G4, Gs, Gg are groups and they are mutually disjoint also C = G; UGzUG3UG4U 
G5 U G6. 
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Abstract In order to obtain a lower bound of Merrifield-Simmons index of the tree-type 
hexagonal systems, the zig-zag tree-type hexagonal systems are taken into consideration. In 
this paper, some results with respect to Merrifield-Simmons index of zig-zag tree-type hexag- 
onal systems are shown. Using these results, hexagonal chains and hexagonal spiders with the 
lower bound of Merrifield-Simmons index are also determined. 
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81. Introduction 


A hexagonal system is a 2—connected plane graph whose every interior face is bounded by 
a regular hexagon. Hexagonal systems are of great importance for theoretical chemistry because 
they are the natural graph representations of benzenoid hydrocarbons [2]. A hexagonal system 
is a tree-type one if it has no inner vertex. The zig-zag tree-type hexagonal systems are the 
graph representations of an important subclass of benzenoid molecules. A considerable amount 
of research in mathematical chemistry has been devoted to hexagonal systems [2-16]. 

In order to describe our results, we need some graph-theoretic notations and terminologies. 
Our standard reference for any graph theoretical terminology is [1]. 

Let G = (V,E) be a graph with vertex set V(G) and edge set E(G). Let e and u be an 
edge and a vertex of G, respectively. We will denote by G—e or G—u the graph obtained from 
G by removing e or u, respectively. Denote by N,, the set {vu € V(G) : w € E(G)} U {u}. Let 
H bea subset of V(G). The subgraph of G induced by H is denoted by G[H], and G[V \ H] is 
denoted by G — H. Undefined concepts and notations of graph theory are referred to [11-16]. 

Two vertices of a graph G are said to be independent if they are not adjacent. A subset I 
of V(G) is called an independent set of G if any two vertices of J are independent. Denote i(G) 
the number of independent sets of G. In chemical terminology, i(G) is called the Merrifield- 
Simmons index. Clearly, the Merrifield-Simmons index of a graph is larger than that of its 
proper subgraphs. 

We denote by WV, the set of the hexagonal chains with n hexagons. Let B, € V,. We 
denote by V3 = V3(B,,) the set of the vertices with degree 3 in B,. Thus, the subgraph B,,[V3] 
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is a acyclic graph. If the subgraph B,,[V3] is a matching with n — 1 edges, then B,, is called a 
linear chain and denoted by L,,. If the subgraph B,,[V3] is a path, then B,, is called a zig — zag 
chain and denoted by Z,. If the subgraph B,,[V3] is a comb, then B,, is called a helicene chain 
and denoted by H,, (see [11]). 

Denote by T,, the tree-type hexagonal systems containing n hexagons. Let T =U}? Tn, 
and T € T. Let H bea hexagon of T. Obviously, H has at most three adjacent hexagons in T; 
if H has exactly three adjacent hexagons in T, then H is called a full-hexagon of T; if H has 
two adjacent hexagons in 7, and, moreover, if its two vertices with degree two are adjacent, 
then call H a turn-hexagon of T; and if H has at most one adjacent hexagon in T’, then A is 
called an end-hexagon of JT’. It is easy to see that the number of the end-hexagons of a tree-type 
hexagonal system of n > 2 hexagons is more two than the number of its full-hexagons. Let 
T € T and let B = H,Ho...Hy,k > 2 be a hexagonal chain of T. If the end-hexagon H, 
of B is also an end-hexagon of T, the other end-hexagon Hj, is a full-hexagon of T’, and for 
2<i<k-—1, GH; is not a full-hexagon of T,, then B is called a branch of T (see [16]). If any 
branch of T is a zig-zag chain, then T is called zig-zag tree-type hexagonal system. Both a 
zig-zag hexagonal chain and zig-zag hexagonal spider are zig-zag tree-type hexagonal systems 
with no full-hexagon and only one full-hexagon, respectively. 


§2. Some useful results 


Among tree-type hexagonal systems with extremal properties on topological indices, L, 
and Z,, play important roles. We list some of them about the Merrifield-Simmons index as 
follows. 

Theorem 2.1.!°! For any n >1 and any B, € V,,, if B, is neither L,, nor Z,, then 


(Zn) <t(Bn) < i(Ln). 
Theorem 2.2.!§] For any n > 1 and any T € Ty, if T is not Ly, then 
i(T) < i(L,). 


Among many properties of i(G), we mention the following results which will be used later. 
Lemma 2.1.!!] Let G be a graph consisting of two components G; and G2, then 


i(G) = i(G1)i(Ga). 
Lemma 2.2.!!] Let G be a graph and any u € V(G), then 
i(G) =i(G—u) +(G—N,). 


Lemma 2.3.!!] Let G be a graph. For each uv € E(G). Then 





i(G) —i(G—u) -—i(G—u-v) <0. 


Moreover, the equality holds only if v is the unique neighbor of u. 
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Let A and B be any graphs and C’ be a hexagon. Let G = A@7C. Let r and s be two 
adjacent vertices of B of at least degree two. Denote by G,,B the graph obtained from G and 
B by identifying the edge ab with rs; by GgB the graph obtained from G and B by identifying 
the edge be with rs; by G-B the graph obtained from G and B by identifying the edge cd with 
rs (see [11]). 

Lemma 2.4.'!] Let A, B,G = A@?C,G,B and G;B, if i(A- a) < i(A—y), then 


i(G¢B) < i(G,B). 


Lemma 2.5.!'!] Let A, B,G = A@°C,G,B,GgB and G-B, then 

(a) (G,B) < i(GsB), 

(b) i(Gc¢B) < i(GgB). 

We add some notations which are convenient to express useful results. For a given zig-zag 
chain Z,, denote by Lp, Lky Vk; Vp the four clockwise successful vertices with degree two in one 
of end-hexagons (see Fig. 2.1 ). 


y 
Tp 


RRR CoA: 


Yr—-1 Yk-1 




















Fig. 2.1 Z, and Zp_1 


Lemma 2.6. Suppose G is a zig-zag chain with k hexagons. Then 


i(Zn) a oe a 
i(Zp =—L he Yk) 1 11 1 . 
i i(Zp-1) 
i(Zy — Le — Ly — YR) 1 10 0 ; F 
; ' i(Ze—1 — Yq1) 
i(Ze — Bk — Yr — Yx) = 101 0 ; (1) 
: i i(Ze—1 — Yr-1) 
i(Ze — Yp) 3.0 2 0 (Z ; 
a = Ye-1 — Up 
Gea) 9 44 k—-1 — Yk-1 — Yr-1 
i(Zk — Ye — Y_) 2010 


By applying Lemma 2.1 and Lemma 2.2, it is easy to obtain the result. 

Lemma 2.7. Keep the notations as in Lemma 2.6 and suppose Z; is a zig-zag chain with 
k(k > 3) hexagons. Then 

(a) i(Z~ — wx — yx) > i(P5)i(Ze2) + i(Ps)i(Ze-2 — ¥y2); 

(b) (Ze — 2 — ye — yp) < i(Pa)i(Ze—2) + i(Pa)i( Zam — Yy.-)s 

(c) (Zp — @k — &_ — Yk) < i(P5)i(Ze—2 — Yr-2) + t(P3)i(Ze—2 — Yeo — Yaz) 
Where P,,,(m = 3,4,5) is the path with m vertices. 

Proof. (a) Set fi(k) = i(Zx), folk) = i(Ze — an — ye), folk) = (Ze — ae — ye — Ys 
falk) = i(Zy—24—2,—Ye), fo(k) = i(Ze—Yy), folk) = i(Za—ye) and f7(k) = (Ze — yk —Yp)- 
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Applying Lemma 2.6 to Z, — xp — ye, Ze—2 and Zp_2 — Vp_os we get 


(Zy—@e—-Ykr) = folk) 
= filk—1)+ fs(k—-1)+ fe(k—1) + fr(k—1) 
10fi(k — 2) + 4fs(k — 2) + 6 fe(k — 2) + 2f7(k — 2) 








I 


and 
i(P5)i(Zp—2) + i(Ps)i(Ze—2 — Yy_2) = 13 fi(k — 2) + 5fs(k — 2). 


Since fi(k — 2) = fe(k — 2) + f3(k — 2) for k > 3, then 
Ay = i(Zp— xx — yr) — [i(Ps)i(Ze—2) + i(Ps)i(Ze-2 — Yx2)] 
= —8fi(k— 2) — fs(k — 2) + 6fe(k — 2) + 2f7(k — 2) 
= 3f6(k— 2) —3f3(k — 2) — fs(k — 2) + 2f7(k — 2). 








Since Zp —XE— Yr ay, is the proper subgraph of Z,— yp, then i(Zp— yr) > i(Ze—Lk — Yk —Yp)- 
By Lemma 2.2, we have 2 f7(k — 2) > fs(k — 2). Therefore A; > 0. 


(b) Similar to the proof of (a), by Lemma 2.6, we obtain 


i(Z_— 2k —Yk—Ye) = f(k) 
= filk—1)+ fe(k—1) 
= 5fi(k—2)+4fs(k — 2) +3fe(k — 2) + 2f7(k — 2), 








i(Pa)i(Zp—2) + i(P3)i(Ze-2) = 8fi(k — 2) + 5fs(k — 2). 
Thus 


i(P1)i(Zp—2) + i(P3)i(Ze-2) — (Ze — 2k — Ye — Yr) 
3fi(k — 2) + fo(k — 2) — Bfe( — 2) — 2fr(k — 2). 


A» 





I 





I 


According to Lemma 2.2, we have fi(k — 2) = fe(k — 2) + fs(k — 2). So 


Ao 3fi(k — 2) + fs(k — 2) — 3fe(k — 2) — 2f7(k — 2) 


[2f'3(k — 2) — fr(k — 2)] + [fs(k — 2) — fr(k — 2)] + fa(k — 2). 





Note that Z;, — yx — y, is the proper subgraph of Z, — Yes then i(Z, — y,) > i(Ze — Ye — Vp): 
By Lemma 2.2, we have 2f3(k — 2) > f7(k — 2). Therefore Az > 0. 


(c) Similar to the proof of (a), (b), by Lemma 2.6, we have 


(Zp — tk — Ye — %,) = falk) 
= fi(k—1)+ fe(k—1) 
= 6f1(k — 2) + 2fs(k — 2) +4 fe(k — 2) + fr(k — 2), 
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and 
i(Ps)i(Zk—2 — Ya—2) + i(P3)i(Ze—2 — Ye—2 — Yaz) = 13 f6(k — 2) + 5fr(k — 2). 


Then 





Ag = i(Ps)i(Zp_2 — Ye—2) + i(P3)i(Ze_2 — Ye—2 — Yp_a) — (Ze — Be — Ye — 2p) 
= —6f1(k — 2) — 2fs(k — 2) + 9fe(k — 2) + 4f7(k — 2) 
= 3f6(k — 2) — 6f3(k — 2) — 2fs(k — 2) +4 f7(k — 2) 
= 2fi(k — 3) +6fs(k — 3) — 3fe(k — 3) + 3f7(k — 3). 











Since Zp_-3 — yx—3 is the proper subgraph of Z,—3, then i(Z,-3) > i(Ze—3 — yr-3). By Lemma 
2.2, we obtain 2f5(k—3) > fe(k—3). Therefore A3 > 0 and the proof of Lemma 2.7 is complete. 


§3. Preliminary results 


Suppose JT), 75 € T, and p;,q are two adjacent vertices with degree two in T;,7 = 1,2. 
Denote by T(p1, qi) ® To(p2, q2) the tree-type hexagonal system obtained from T, and T by 
identifying p; with pz, and q; with qo, respectively. 

In the present section, for a given T’ € T, we always assume that s,t are two adjacent 
vertices with degree two in T. For a given linear zig-zag chain Z,, denote by Lp Lk, Vk3 Vp the 
four clockwise successful vertices with degree two in one of end-hexagons (see Fig. 3.1.). 


mas 



































Fig.3.1. 


Theorem 3.1. Keep the notations as Lemma 2.7. For any T € T and k > 3 (see Fig. 
3.1). Then 


48 Shengzhang Ren, Jianwei He and Suiyi Yang 





a) i(T(s,t) @ Ze(xK, Yu) > i(T(s,t) ®@ Zp(ax,_4,€e-1)), 
(0) i(T(s,t) ® Ze(ay, ax) > (T(3,t) ® Zelaya, 2%-1)), 
(c) i(T(s,t) ® Zelynsy{)) > UT(s, 8) ® Zp.) 24-1)): 
Proof. (a) By Lemma 2.1 and Lemma2.2, we get 


T 
Ee 





i(T(s,t)® Zp(we,yx)) = i(T—s—t)i(Ze— xe — ye) +i(T — Ni)i(Ze — 2k — ye — Ye) 
+i(T — N,)i(Zy — te — ye — 2p) 
= i(T —s—t)fo(k) +i(T — Ni) fa(k) + i(T — Ne) Salk), 











and 
i(T(s,t) @ Z,(a,_1,%~-1)) = i(T —s—t)[13é(Zp_2) + 5i(Zp_2 — yp_)] 
+i(T — Nz) [8i(Ze—2) + 57(Zp-2 — Yn-2)] 
+i(T — N,)[13i(Z4—2 — ye2) + 5i(Ze_2 — Ye—2 — Ye) 
= i(T—s—t)[13fi(k — 2) + 5fs(k — 2)] 

+i(T — Nz) [8fi(k — 2) + 5f5(k — 2)] 
+i(T — N,)[13f6(k — 2) + 5f7(k — 2)]. 

Then 


Ay = i(T(s,t) ® Zy(xx, yn)) — i(T(s, t) @ Zp (2p__1, 24-1) 
= i(T—s-—t){fo(k) — [18 fi(k — 2) + 5fs(k — 2)]} 

+i(T — Ni){ fa(k) — [8 fi(k — 2) + 5fs(k — 2)]} 

+i(T — Ns){fa(k) — [13 fe(k — 2) + 5f7(k — 2)}}. 











From Lemma 2.7, we have fo(k) > 13 f1(k-—2)+5fs5(k—2), fa(k) < 8f1(k —2) +5 fs(k—2) 
and fa(k) < 13f6(k — 2) + 5fr(k — 2). If i(T — N,) < i(T — N,), then 





Ag > i(T — Ns)[fa(k) + fa(k) + fa(k) — 21 fi (& — 2) — 10fs(k — 2) — 18 f6(k — 2) — 5f7(k — 2)). 


Otherwise 





Aa > i(T — Ny)[fo(k) + fa(k) + fa(k) — 21f1(& — 2) — 10f5(k — 2) — 13f6(k — 2) — 5f7(k —2)]. 


Since fo(k) + f3(k) + fa(k) — 21 fi(k — 2) — 10fs(& — 2) — 13 f6(k — 2) — 5 f7(k — 2) =0, therefore 
A, > 0 and similar to the proof of (a) and Lemma 2.7, we obtain 

(b) i(T(s,t) ® Ze(a,24)) > UT(s,t) @ Ze(wy_y,2%-1)); 

(c) i(T(s,t) ® Ze (ye, ¥,)) > i(T(s,t) ® Zp (a,_,,2%-1)). The proof of Theorem 3.1 is com- 
plete. 

Corollary 3.1. For any k > 3, then 

(a) i(Ln(8,t) ® Ze(xe, Ye) > i(Ln(s,t) ® Ze(@,_1,k-1)), 

(b) i(Ln(s,t) @ Zx(a,,@z)) > i(Ln(s,t) ® Zp(a,_4,€e-1)), 

(c) i(Ln(s,t) © Zi ve, ¥e)) > HEn(8,t) @ Zel,152e-1)). 
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84. Zig-zag tree-type hexagonal systems 


A graph G is called a zig-zag tree-type hexagonal system if it is a tree-type hexagonal 
system and any branch of which is zig-zag chain. 


We shall use Z* to denote the set of all zig-zag tree-type hexagonal systems with n hexagons. 
For a given graph Z* € Z*, we denote by Z+ the graph obtained from Z* whose every branch 
is transformed by transformation I (see Fig. 4.1). 


A graph G is called a spider if it is a tree and contains only one vertex of degree greater 
than 2. For positive integer n1,n2,n3, we use S(n1, 2,3) to denote a hexagonal spider with 


three legs of lengths n,,n2 and nz, respectively (see [11]). 


If a hexagonal spider S(n1,n2,73) whose 3 legs are linear chains, then such a graph is 
called a linear hexagonal spider and denoted by L(n1, 12,73) ( see [11]). 


Similarly if each leg of S(n1,n2,n3) combining with the central hexagon is a zig-zag chain, 
then such graph is called a zig-zag hexagonal spider and denoted by Z(n,, n2,n3) (see [11]). 
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or 





Fig. 4.1 


Transformation I. Let Z;, = H,H2---H;, and Z,® H be a branch of T (see Fig. 4.1.). 
Firstly, the graph T can be obtained from T — Z, and Z;, by identifying the edge uiv1 of 
Ay with the edge s;t,; of H. Secondly, the graph T’ can be got from _— Zp—2 and Zy_2 
by identifying the edge ugv2g of Hy_3 with the edge sgtg of H,_;. Finally, by repeating this 
operation, the graph T can be obtained. If T = Z,, only let H = Hy. 

Theorem 4.1. For any Z* € Z* and any n > 4. Then 


ua) < 42"), 


Moreover, the equality holds if and only if Z+ & Z*. 

Proof. Note that the graph Z+ is obtained from Z* whose every branch is transformed 
by transformation I, and by Theorem 3.1, we get i(Z+) < i(Z*). Moreover, the equality holds 
if and only if Z+ = Z*. 

By repeating to apply transformation I on a hexagonal spider $(n1,n2,n3) and Z,, and 
according to Theorem 3.1, we will also obtain a good lower bound of Merrifield-Simmons index 
of Z, and Z(n1,n2,n3) as follows. 

Theorem 4.2. For any Z*(n1,n2,n3) € Z(n1,n2,n3) with n hexagons and any n > 4. 
Then 

i(Z+(n1,n2,n3)) < i(Z*(n1, n2,n3)) < i(L(n1, n2, n3)). 


Moreover, the equality holds if and only if Z+(n1,n2,n3)) & Z* (ni, n2,N3)). 
Theorem 4.3. For any Z* € Z,, and n > 4. Then 


UZ) 242") <i(L,,). 
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Abstract For any positive integer n, the Smarandache reciprocal function S.(n) is defined 
as the largest positive integer m such that y | n! for all integers 1 < y < m, and m+1{ nl. 
And for any positive integer n and m, the Pseudo-Smarandache dual function Z,(n) is defined 
as the largest positive integer m such that mem+t) | n. In this paper, we use the elementary 
methods to study the solvability of the equation S.(n) = Z,(n) +n, and give its all positive 
integer solutions. 

Keywords Smarandache reciprocal function, Pseudo-Smarandache dual function, equation, 


solution. 


§1. Introduction and results 


In reference [1], A. Murthy introduced function S.(n), which is called the Smarandache 
reciprocal function. It is defined as the largest positive integer m such that y | n! for all integers 
l<y<m, and m+1{n!. That is, 


S-(n) =max{m: me N, y|n! for all integers 1 < y<m, andm+1 {nl}. 


For example, the first few values of S.(n) are: S-(1) =1, S-(2) = 2, S-(3) = 3, S.(4) = 
4, S.(5) = 6, S.(6) = 6, S.(7) = 10, S.(8) = 10, S.(9) = 10, S.(10) = 10, $.(11) = 
12, S.(12) = 12, S.(13) = 16, S.(14) = 16, $,(15) = 16, $.(16) = 16, $.(17) = 18, $,(18) = 
Tare. 
Some authors had studied the elementary properties of S.(n), and obtained many inter- 
esting conclusions. For example: 

If S.(n) = 2 and n #3, then x + 1 is the smallest prime greater than n. 

On the other hand, for any positive integer n, the Pseudo-Smarandache dual function, 
denoted by Z,.(n), is defined as the largest positive integer m such that mrt 1) | n. That is, 

Z,(n) = max {m: me N, mons) | nh. 

where N denotes the set of all positive integers. 

From the definition of Z,.(n), we find that the first few values of Z,.(n) are: 

Z.(1) =1, Z(2) =1, Z.(3) =2, Z4(4) = 1, Z(5) =1, Z.(6) =3, 2.(7) =1, 2.(8) = 
1, ZiQy Saat 

About this function, some authors had studied its properties, and obtained a series of 


interesting results, see references [2-5]. Such as: 
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For any prime p > 3, andke N, 


2 
1 


» if p=3, 

, if p¥#3. 
For any prime p, q > 3 satisfying p = 2q— 1, Z,(pq) = p. 
For all integers a, b > 1, Z,(ab) > max {Z,(a), Z,(b)}. 
For any integer s > 1 and any prime p, Z,.(3° - p) > 2. 


Z,(p*) = 


In reference [4], Professor Zhang Wenpeng and Li Ling proposed the equation S.(n) = 
Z.(n) +n, and give the following: 
Conjecture. For any positive integer n, the equation 


S-(n) = Z,(n) +n. (1) 


20+1 where p (> 5) and p?°t+! + 2 are primes, a € N. 
, p 


holds if and only if n = p 
A.A.K Majumdar studied this problem, and found several counter-examples to the conjec- 


ture. For example, 
S.(35) = 36 = Z,(35) + 35, $.(65) = 66 = Z,(65) + 65, $.(77) = 78 = Z,(77) + 77. 


The main purpose of this paper is to study the solvability of the equation (1), and find its 
all positive integer solutions. 

That is, we shall prove the following: 

Theorem. The equation (1) has infinite solutions, they are: 

1. n = p**t1, where p (> 5) and p?**! + 2 are primes, a € N. 





2.n = pips? ---per = ujviti, where pi, po,--: ,pr are distinct odd primes > 5, r isa 
positive integer > 2, and (wi, ui) = (vi, ti) = (ti, ui) = 1, 7 © N satisfying the following 
conditions: 

(a). For any ui | uz, uf | vi, vi A Qui +1. 

h r h 
(b). For n = II (6a; — 1)“ - II (6a; +1)™, if S- a; = k is an odd integer, and n + 2 
i=1 j=h+l i=1 
is a prime. 


§2. Some useful lemmas 


Lemma 1. For any prime p, q > 3 satisfying p = 2qg+1, then Z,(pq) = p-—1. 
-1 

Proof. pp) = pq, so Z,(pq) =p—1. 

Lemma 2. If n = 3° -t, for any positive integer s and composite integer t, Z,(n) > 2. 

Lemma 3. n= p{'pS?--- per = ujuit;, where pi, p2,--+ ,pr are distinct odd primes > 5, 
r is a positive integer > 2, and (u;, vi) = (vi, ti) = (ti, w) =1,7E N. 

If ui | ws, us | vs, vf = 2ui, — 1, then Z,(n) = max {v4} = v}. 

Proof. Let Z,.(m) =m, we have, 


m(m + 1) 
2 


| wivits, 
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and it is clear that, 
ui(u, +1 
ne) = Uv, | ur;ty. 
Then m = v}. 
Lemma 4. n= p{'pS?--- per = ujvjt;, where pi, po,-++ ,p, are distinct odd primes > 5, 
r is a positive integer > 2, and (u;, vi) = (vi, ti) = (ti, wi) =1,iEeN. 
If ui | wi, vf | vi, vy = 2ui +1, then Z,(n) = max {vi — 1} =v} - 1. 
Lemma 5. If n = p}'ps?--- per = ujviti, where pi, p2,--+ ,pr are distinct odd primes 
> 5, ris a positive integer > 2, and (uj, vi) = (vi, ti) = (ti, ui) = 1, 7 N. If uh | ui, vf | vi, 
vu, & 2u, +1, then Z,(n) = 1. 





§3. Proof of the theorem 


In this section, we shall use the elementary methods to complete the proof of our theorem. 

Now we suppose that n = 2" - s, where s is an odd integer, we discuss the solutions in the 
following several cases: 
(a). If n is an even integer, then k 4 0. 

It is clear that n = 2, 4, 6, 8,--- are not the solutions of the equation (1). 

(i) Let = 1, then n = 25. 

From the property of Z,(n), we can get Z,(2*) = 1. If $.(2*) = Z,(2*)+2* = 2* +1, then 
2* +2 must be a prime. In fact, 2 | (2* + 2). Hence, there are no solutions. 

(ii) Let t = p*, then n = 2" - p%, p is an odd prime while a is a positive integer. Let 
Z,(n) =m, we have M+) | 9k. p%, that is m(m +1) | 24+. p2. 

Obviously, (m, m+ 1) = 1,(2*+!, p%) = 1. So m must divides either 2**+1 or p*, while 
m+ 1 must divides another. 

A. If m | 2*+1, m+1 | p%, then m > 2, m+1> 3. Let (m+1, p%) = d, obviously, 
d=m+1>3. Then we can get d| (m+1-+n). 

B. If m | p%, m+1| 2*+1, then m > 3, m+1> 4. Let (m+1, 2*++) = d, obviously, 
d=m+1>4. Then we can get 2|(m+1+47). 

Therefore, there are no solutions. 











(iii) Let t be a composite integer, t = p{* pS? ---p?, where p),p2,-+- ,p, are distinct odd 
primes, and aj, a2,:::,a, € N,r>2. Let Z,.(n) =m, we have 


that is m(m+1) | 2*+1-¢. 

It is clear that (m+1, 2*-t) > 2, then (m+1l+n, m+1)=d>2. Som+1+4ncan not 
be a prime. 

From the cases (i)-(iii), we know that the equation (1) has no even positive integer solutions. 
(b). If n is an odd integer, we get k=O and n= s. 

It is clear that n = 5 is a solution of the equation (1). We also obtained n = 377 = 
13-20, n= 487 = 19+ 28, n= 1445 = 517", eS 1850 = 114 137, = 2887 = 7211 ale 
satisfying the equation (1). 
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(i) Let n = 1, then $.(1) = 1, Z,(1) =1. Obviously, S.(1) 4 Z,.(1) +1, son =1 is not a 
solution of the equation (1). 

(ii) Let n = 3°, where a is a positive integer. Hence, Z,(3%) = 2. 

If S.(3%) = Z.(3°) +3% = 3° +2, then 3%+3 must be a prime. In fact, 3° +3 = 0( mod 3), 
here we obtain contradiction, so n = 3° can not satisfy the equation (1). 

(iii) Let n = 3% - t, t = pf pS? ---p%, where pi, po, -+-, pr are distinct odd primes > 5, 
r is a positive integer. Let Z,(n) = m, we can get ae) | 3°-t, that is m(m +1) | 2-3%-t. 
From the property of Z,,(n), we have m > 2, that is m+1> 3. So(m+1l+n, n)=d>3, 
and m+1+ 7 can not be a prime. 

Therefore, there are no solutions in this case. 

(iv) Let n = p’, where p is an odd prime > 5, r is a positive integer. Now we discuss in 
the following cases: 

A. If r =1, then n = p. Hence, Z,(n) = 1. If p+2 is a prime, then S.(p) = p+ 1. Both 
p and p + 2 are primes holds if and only if 4[p — 1)!+ 1] + p = 0( mod p(p + 2)). In this case, 
n =p satisfy the equation (1). 

B. If r = 2a, where a is a positive integer, we can get Z,(p?%) = 1. 

It is clear that 3 { p*. For p* —1, p*, p* +1 are three continuously integers, then 3 must 
divides one of the three forms. So (p* — 1)(p* +1) must be divided by 3. That is 


(p* — 1)(p* +1) = 0( mod 3). 


That is equivalent to p?~ = 1( mod 3), then we can get p?% + 2 = 0( mod 3). 
It means that if S.(n) =n+1,n+2 can not be a prime. 
C. If r = 2a+4+1, then Z,(p??t!) = 1. According to case A, we can get 


p°?*! = p{ mod 3). 


Then p?°t! + 2 =p+ 2( mod 3). 
If p+2=0( mod 3), that is p= 1( mod 3), then we can get p?°+! + 2 =0( mod 3). 


20+1 can be the solution. 


When p2°+! + 2 is a prime, p 
(v) Let n = pips? --- per = uguiti, where pi, p2,--- ,p, are distinct odd primes, r is a 


positive integer > 2, and (u;, v4) = (vw, ti) = (ti, ui) =1, iE N. 





If there exists a equality vj = 2u +1, where uj, | ui, v; | vi. 

Let Z,(n) =m, we have m(m+t) | n, that is m(m + 1) | 2n. 

If S.(n) = Z.(n) +n =m i n, then m+1-+n must be a prime. According to Lemma 3 
and 4, we can easily get that m+1-+ 7 can not be a prime. 

So in this case, the equation (1) has no solutions. 

(vi) Let n = pit ps? --- per = ujviti, where pi, p2,--- ,pr are distinct odd primes > 5, r is 
a positive integer > 2, and (ui, vi) = (vi, ti) = (ti, wi) = 1, 1 © N. For any ui | us, vi | vs, 
vu, #2u, +1. Then we can get Z,(n) = 1. 

If Z,(n) +n+1=n-+2 bea prime, n can be the solution of the equation (1). 

Now we discuss the solutions in the following several parts: 

A. For any prime p; > 5, pj = 6a+1 or p; = 6a—1, every odd integers > 5 can be expressed 
as 6a — 1, 6a + 1 or 6a + 3. Obviously, 3 | (6a +3), so (6a + 3) can not be a prime. 





56 Xin Wu and Xiaoyan Li 





h r h 
B. Mark n = II (6a; —1)™- II (6a; +1), and S- a; =k, whereh <r. 
i=1 jah+1 i=1 


If k is an odd integer, we can get 


Tr 


h 
II (6a; — 1)“ - Il (6a; + 1) =—1( mod 3). 


i=1 j=h+1 


Son+2=1( mod 3). n is the solution if n+ 2 be a prime. 

If k is an even integer, we can get n + 2 = 0( mod 3). Hence, for any integer n, n + 2 can 
not be a prime. In this case, the equation (1) has no solutions. 

Thus, the theorem is established. 
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Abstract For any positive integer n, the famous Smarandache 3n-digital sequence {a(n)} 
is defined as a(n) = Grgz such that g1 = n, go = 3n. That is, the numbers that can be 
partitioned into two groups such that the second one is three times bigger than the first. The 
main purpose of this paper is using the elementary method to study the properties of the 


Smarandache 3n-digital sequence, and solved a related conjecture. 


Keywords Smarandache 3n-digital sequence, elementary method, conjecture. 


81. Introduction and results 


For any positive integer n, the famous Smarandache 3n-digital sequence a(n) is defined as 
follows: a(n) = 9192, where g; = n, g2 = 3n. That is, the numbers that can be partitioned into 
two groups such that the second one is three times bigger than the first. For example, a(1) = 
13, a(2) = 26, a(3) = 39, a(4) = 412, a(5) = 515,---. In reference [1], Professor F. Smarandache 
asked us to study the properties of the sequence {a(n)}. About this problem, professor Zhang 
proposed the following: 

Conjecture. There does not exist any complete square number in the Smarandache 3n- 


digital sequence a(n). That is, the equation 
an = m? (1) 


has no positive integer solution. 
In reference [2], Jin Zhang studied this problem, and proved the following conclusions: 
Proposition 1. If positive integer n is a square-free number (That is, for any prime p, if 
p|n, then p? +n), then a(n) is not a complete square number. 
Proposition 2. If positive integer n is a complete square number, then a(n) is not a 


complete square number. 


In this paper, we using the elementary methods and the properties of the prime distribution 
to study the Smarandache 3n-digital sequence a(n), and partly solved the zhang’s conjecture 
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as following: 


Theorem 1. Equation (1) has solutions, and part of the solutions can be expressed as 


follows: 


n2 . (10? ®—-litko + 3) 
n= F 





where p? | (10? (?-1)*+ko 4 3), Y380R <n, < ¥82, i =0, 1, 2, --- 





Theorem 2. For any positive integer k > 1, there are infinite complete square numbers 
in the Smarandache kn-digital sequence {a;,(n)}. That is, the part of solutions of equation 
a,(n) = m? can be expressed as 


nz. (10? ®-Nitko + f) 
p 





where p | (107-1) i+ko +), VOR < ny < VER 5 —0,1,9,..-. 





From above theorems, we can immediately obtain the following: 


Corollary 1. Let b be a positive integer, if b? | (10*° +3), then the solution of the equation 
(1) can be expressed as the following form 


n2 - (10% + 3) 
b? , 


n= 


where ¥30b <ny< V8b 


Corollary 2. Let b be an positive integer, if b? | (10*° +k), then the solution of the 
equation (1) can be expressed as the following form 
2. (10% + % 
we ( an ) 


b2 


where vite <n < Veb 


§2. Some useful lemmas 


To complete the proof of the theorems, we need the following several lemmas: 

Lemma 1. Let p be a prime, if p? | (10*°+3), then p? | (10? ®-)*+*043),4=0, 1, 2, ++. 

Proof. It is clear that if p | (10 +3), (p 42,5), then (10, p?) =1. From Euler Theorem, 
we have 10%") = 1(mod p?). Note that p? | (10% + 3), we have 


10? (P-1)#+ko = _3(mod p), where i=0, 1, 2, ---, 


sO 
p? | (10? ®-Ditko 4 3), where i=0, 1, 2, -:-. 
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This completes the proof of Lemma 1. 


Lemma 2. Let p be a prime, if p? { (10?~! — 1), then there exists a minimum positive 
integer pd such that 10?° = 1(mod p?). 
Proof. let 6 = minfd : 104¢=1(mod p), d|(p —1)}. Since p? + (10?-1! — 1), then 
p? { (10° —1) and 
110° 107 +s. 10° -? = p= O(med 7), 





(10° —1) (0 4? 4 0 AP ws 10? 4 1) = 10°? 1 = Omad: yp"), 


If there exists another positive integer u such that p? | (10% —1) and u < pd, then 
6 <u< po. It is obvious that 6 | u. Let u = kd(1 < k < p), since 1+10°+107°+---+104-1)8 = 
k # O(mod p), then p ¢ (1 + 10° + 1079 + --- + 10(*-1)), and p? + (10° — 1), so we have 
p? { (10°—1)(14+10° +1079 +- --+10-9). that is p? ¢ (10° —1), which obtains a contradiction. 
This completes the proof of Lemma 2. 


Lemma 3. There exists a prime p and a positive integer ko such that p? | (10% +3). 

Proof. For any positive integer k, we divided & into three sets as follows 

A= {k| 10° +3=p?'p5?---p2r, there exist at least aa; > 2,1< i< r}, 

B = {k | 10° +3 = pip o---p,, there exist at least a p;,1 < i < 1, satisfies p? { 
(10?-! —1)}, 

C={k|10*°+3=pipe---p,, for any pj,1< i<_r, satisfies p? | (10?-' —1)}. 

We discuss it in following cases 

Case 1. If k € A,there exists a positive integer a; > 2 (1 <i<r) then p? | (10* +3). 
This completes the Lemma 3. 
Case 2. If k € B, there exists at least one prime p among pj), p2, ..., Pr, which satisfies 
(10?-' — 1). It is obvious that p | (10* + 3) and (p, 10) = 1. From Lemma 2, we have 


| 
p? + (10° — 1) and 


10°*+*: = —3(mod p), where i=0, 1, 2, --- , k, =k(mod 6). 


For anyi=0, 1, 2, ---, p—1, ya traverse complete residue system mod p. 

Otherwise, suppose that there exists i, j, such that yh = wets (mod p), where 
0<i<j<p-—1, then p? | 10°+*(109C-9 — 1), so we have p? | (109-4) — 1). That is, 
1099-9 = 1(mod p?), 1 < 7 —i < p—1. From Lemma 2, we have p6 is the smallest integer 
such that 10?° = 1(mod p?) and we have po | 5(j — 7), that is p | (j — 7), which obtains a 
contradiction. 

So, we obtains a i9(0 < %9 < p—1) such that 4yr nas = 0(mod p), that is p? | (10° +: + 
3) and if ko = 0%9 + ki, then 





p? | (10% + 3). (2) 


Case 3. For any prime p among pj, po, ..., pr, if k € C and p? | (10?! — 1), then 
10-Dit+k + 3 = 10* + 3(mod p?) (j = 0, 1, +++). That is, p? + (10@-Y5+* 4 3),7=0,1,--. 
Combing (1), (2) and (3), we can easily have 


A# Oor BE O. 
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Otherwise, k € C and 10° +3 = pypo:--p,. For any p; (1 < i<_r),p? | (10-1 —1). 
Which is impossible. 

For example, if k = 34, then 49 | (10°4+ 3),k € A. If k = 1, then k € B, and this 
completes the proof of Lemma 3. 


§3. Proof of the theorems 


In this section, we will complete the proof of the theorem. Firstly, we prove Theorem 1. 
Let n be k digit positive integer, from the definition of {a,}, we have 


Qn = Giga = n- (10**1 + 3) (3) 
or 
Qn = Higa = n- (10"*? + 3). (4) 

Combining Proposition 1 and Proposition 2, we easily get the following results: 

If 10+! +3 or 10*+? +3 is a square-free number, then a, is not a complete square number. 
Hence, if a, is a complete square number, then 10*+! +3 or 10*+? + 3 must be contain square 
element. Now, we construct the solution of equation (1) by the square number of 10*+1 +3 or 
10°*? +3. 


From Lemma 1 and Lemma 3, there exists prime p and positive integer ko such that 


p? | (10? ®-)) *+ko + 3) where i = 0,1,2,.... 








If 
10? P-VYit+ko 4 3 
KnK=n=nz- 5 (5) 
Pp 
H < si <1 (That is v30p <n < wee), then the number gz = 3n = - (10? @—-1) i+ko 4 3) 


contains p(p—1)i+k, digits, then we obtain 


Qn = 9192 


—1)itk 
10? (P-L i+ko 4 3 (19? PD itko 4 3) 














= n 
1 p 
10? P-Ni+ko 4.3 
= nz? p . 2 2. 
Pp 

¥ (p—1) i+k J3 

1OP PrN) FFs + 3 V30 3 

M=n,° : ci , where i = 0,1,2,..., ap << B (6) 


then (6) is the solution of the formula (1), and this completes the proof of Theorem 1. we can 
also prove Theorem 2 using the same method of Theorem 1. 
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Abstract The relation LY on any semigroup S' provides a generalization of Green’s relation 
£. A semigroup S is called U-rpp semigroup if each LY -class of S contains at lest projection 
e from U, where U is a non-empty subset of E(S). The aim of this paper is to study a class 
of U-rpp semigroups, namely, left U-rpp semigroups. After giving some characterizations of 


left U-rpp semigroups, we establish a structure of this kind of semigroups. 


Keywords Left U-rpp semigroups, right zero bands, U-left cancellative semigroups. 


81. Introduction 


Suppose that S is a semigroup and F(S) is the set of all idempotents of S. We now consider 
a non-empty subset U C E(S), namely, the set of projections of S. Then a relation LY on Sis 
defined as aLYb if and only if a and b have the same set of right identities in U, that is, for all 
u€U, au=aif and only if bu=b. 

It can be easily verified that LC L* cLu on a semigroup S. 

We say that a semigroup S' is called U-rpp semigroup if each LY-class of S contains at 
least one projection of S and LY isa right congruence on S', denoted by (S,U). 

Clearly, regular semigroups and rpp semigroups are all U-rpp semigroups. 

We call a U-rpp semigroup (S,U) a left U-rpp semigroup if U is a subsemigroup and 
xey = exy for any e € U and for all x,y € S! with y 41. 

In fact, left U-rpp semigroups are U-rpp semigroups whose projections are left central. A 
rpp semigroup with left central idempotents have been studied by Ren-Shum in [2]. It was 
proved in [2] that the a rpp semigroup S with left central idempotents is isomorphic to a strong 
semilattice of left cancellative right stripes. In this paper, we will prove that a semigroup S is a 
left U-rpp semigroup if and only if S is a semilattice of a direct product of a U-left cancellative 
monoid and a right zero band; if and only if S is a strong semilattice of a direct product of a 
U-left cancellative monoid and a right zero band. 

For any notation and terminologies not given in this paper, the reader is referred to [4], [5] 
and [6]. 
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§2. Preliminaries 


Throughout this paper, (S,U) is a U-semiabundant semigroup. As usual, we denote the 
LY -class of S containing the element a by LY. 


The following lemmas give some basic properties of relation LY on (S,U). 

Lemma 2.1. Let a € (S,U) and e € U. Then a£Ye if and only if ae = a and for all 
f €U, af =a implies ef =e. 

It follows immediately from definition the following results. 

Lemma 2.2. If (S,U) is a U-rpp semigroup and e, f are elements of U, then cL” f if and 
only if eLf. 

Lemma 2.3. If (S,U) is a left U-rpp semigroup, then every LY-class of S contains a 
unique projection. 

Proof. Let (5,U) be a left U-rpp semigroup. Then for any a € (S,U) there exists 
e€Un Le such that a = ae. Hence, we have that ea = eae = aee = ae = a. If fe UN me then 
it is clear that (e, f) € LY. By Lemma 2.2, it follows that (e,f) €£so that f = fe=ef =e. 


We now use a* to denote the unique projection of Ly containing element a. It is clear that 








a*a = a= aa* ona left U-rpp semigroup (S,U). Moreover, it can easily verified that the set of 
projections U of a left U-rpp semigroup (S,U) forms a right normal band. 

Lemma 2.4. Let (S,U) be a left U-rpp semigroup. Then LY is a congruence on (S,U). 

Proof. Since LU is a right congruence, we only need to show that LY isa left congruence. 
Suppose that (a,b) € LY for any a,b € S. Clearly, a* = b* by Lemma 2.3. To prove that 
(ca, cb) € LY for any c € (S,U), we suppose that cae = ca for any e € U. 

Clearly, (c, c*) € LU. Then, (ca, ca) € LY because LY is a right congruence. By Definition 
of LY, cae = c*a and so c*aa*e = c*aa*. By our hypothesis, ac*a*e = ac*a*. 

Since (a,b) € LY and LY is a right congruence, it follows that (ac*a*,bc*a*) € LY so 
that bc*a*e = bc*a*. Using the fact that a* = b*, we deduce that bc*b*e = bc*b*. Hence, 
c*bb*e = c*bb*, that is, c*be = c*b. It is clear from (cb, c*b) € LY that cbe = cb. Similarly, we 
can show that cbe = cb implies that cae = ca. This shows that (ca, cb) € LY so that LY isa 
left congruence on (S,U). Consequently, LY is a congruence on (S,U). 

Lemma 2.5. If (S,U) is a left U-rpp semigroup, then (ab)* = a*b* for all a,b € (S,U). 

Proof. Suppose that a,b are two any elements of (5, U). It is clear that al’ a* and bLYb*. 
Since LY is a congruence on (S,U), it follows from Lemma 2.4 that (ab,a*b*) € LY. Hence, 
(ab)* = a*b* by Lemma 2.3. 

Theorem 2.6. Suppose that (S,U) is a left U-rpp semigroup. Define a relation o on 
(SU) by aod if and only if a*b* = b* and b*a* = a* for all a,b € (S,U). Then a is a semilattice 
congruence on (5, U). 

Proof. It is clear that o is reflexive and symmetric. 

To see that o is transitive, we let aob and boc. Clearly, a*b* = b*,b*a* = a* and b*c* = 
c*,c*b* = b*. Thus, we have that 
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and 


ca* = c*(b*a*) = (C8b*)a* = b*a* =a". 


Hence aoc, that is, o is transitive. Thus o is an equivalence relation. 
Next we prove that o is right compatible. Let acb for any a,b € (S,U). Then for any 
ce (SU), 


(ac)*(be)* = ACRE = COA) = CVE HVE = WC = (be)*, 


and 
(bc)*(ac)* = b*c*a*c* = c*(b*a*)c* = c*a*c* = a*c*c* = a*c* = (ac)*. 


By the definition of o, it follows that acobc. Similarly, we can prove that caocb so that o is a 
congruence on (S,U). Finally, we prove that o is a semilattice congruence on (S,U). For this 
purpose, we let a,b € (S,U). It follows that (ba)*(ab)* = b*a*a*b* = b*a*b* = a*b* = (ab)* 
and (ab)*(ba)* = a*b*b*a* = a*b*a* = b*a* = (ba)*. Hence, aboba. It is easy to see that a?ca. 
Thus, o is indeed a semilattice congruence on (5, U). 

Finally, we need the following definition in section 3. 

Definition 2.7. A left U-rpp semigroup (S,U) is said to be U-left cancellative if for all 
a,b € (S,U) and for all e € U, bae = ba implies ae = a. 

It is easy to see that left cancellative semigroups are U-left cancellative semigroups. 


§3. Structure theorem 


In this section, we will establish a structure theorem for left U-rpp semigroups. 

Theorem 3.1. The following statements are equivalent on a semigroup S: 

(i) (S,U) is a left U-rpp semigroup. 

(ii) (S,U) is asemilattice of semigroup Sq which is a direct product of a U-left cancellative 
monoid M, and aright zero band Ag. Moreover, U = U yey {(1a,#) : la is the identity of Ma,i € 
Aq}. 

(iii) (S,U) is a strong semilattice of semigroup S$, which is a direct product Ma, x Aa, 
where Mg is a U-left cancellative monoid and Aq is a right zero band and U = Ugey{(la, 4) : 
lq is the identity of M,,i € Aq}. 

Proof. (i) => (ii) Let (S,U) be a left U-rpp semigroup. Then by Theorem 2.6 there 
exists a semilattice Y such that ($,U) = Ugey Sa, where Sq is a a-class of ($,U). 

First we show that every S, can be expressed as a direct product of a U-left cancellative 
monoid and a right zero band. For each a € Y, let Ag = SgNU. Suppose that a € Sy. Clearly, 
aoa* so that a* € Ag. It is easy to see that eof for any e, f € Ag. Thus ef = f and fe =e. 
This implies that Aq is a right zero band. 

Let M, = Sae€q for some projection e, € UN Sy, and a,b © My. Hence a = re, and 
b = yeg for some x,y € Sq. Since o is a semilattice congruence, it is clear that ry € Sq. 
Consequently, ab = rea yea = rye2, = LYeq which implies ab € Syeq = Ma. Hence, Mg is a 
monoid with the identity e,. 
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Suppose now that bae = ba for any a,b € M, and for any projection e € UM My. Clearly, 








a= xe, and b= yey for some x,y € Sy. Hence, we have that yegrege = yLege = yxre = yLeg 
so that (yxe)* = (yxeq)*. It is easy to see that rox*. Hence, y*x*e = y*x*e, so that 7*e = x* eq 
since x*oy*. It follows that xrx*e = xrx*eg, that is, ae = aeg = a. This shows that My, is a 
U-left cancellative monoid. 

Define y : M, x Aa — Sa by v(x, f) = af for any « € M, and any f € Ay. Now 
we can claim that y is an isomorphism. For any (2, f),(y,g) € Ma x Aa, it follows that 
p(2, fyly,g) = «fyg = cy fg = xyg = ¢[(2, f)(y, g)| which implies that y is a homomorphism. 

Suppose that y(z, f) = y(y,g) for (a, f), (y,g) € Ma x Aq-Then «f = yg and so rfeg = 
yg€a where €g € Sq. Noticing that Ag is a right zero band, we immediately deduce that 








Leg = Yea, that is, x = y which gives that xf = xg. By Lemma 2.5, we can deduce that 
xu* f = x*g with a* € Ay. Since Ag is a right zero band, it then follows that f = g. Thus, 
(x, f) = (y,g). This shows that ¢ is injective. 


To see that y is surjective, we just take any a € Sy. Clearly, y(aeq, a*) = aega* = aa* =a. 








This shows that y is surjective. Hence Sy ~ Ma, x Aq. 
Since (S,U) is a a left U-rpp semigroup, it is clear that efg = feg for all e, f,g € U. This 
shows that U is a right normal band. 


(ii) => (iii) Suppose that (S,U) is a semilattice of Sg = Ma x Aq such that M, is a U-left 
cancellative monoid and A, is aright zero band. Let U = U yey {(1a; 7) : la is the identity of Ma, 
i € Ay}. Take eg = (1g,j) such that a > @. Then for each a in S, the product ega is 
in Sg = Mg x Ag and so write ega = (z,i) for some « € Mg and some i € Ag. Define 
Ya,@ : Sa —>+ Se by aYva,g = ega. It is clear that Ya,q is the identity mapping on Sy. Let 
g = (1,7) € Mg x Ag, where 1g is the identity of Mg. Then we have 


egag = (2, %)(1g,1) = (2,7) = ega, 
and 

g = (1a, 4) = (1e,9)(1e,%) = epg. 

Similarly, let b = (y,1) € Ma x Aq and h = (1g, 1). Then hb = b. Using the right normality 
of U, we obtain that 
egaegb = egageghb = egaegghb = egaghb = egab, 
which implies that 
APa,pbPa,3 = (ab) Pa,8- 


Hence, Yq,g is a homomorphism. 
Next, suppose that a = (x,7) € Sa, h = (la,t) € Sy anda > 8 > +¥. Then we have ha = a. 
Because U is a right normal band, it follows that 


eyegh = egeyh = ege,-eyh = eyh. 


Thus, @¥a,86,7 = €y(ega) = eyegha = eyha = eya = aa,y. 
This shows that Yo,e9g,7 = Ya,y: 
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Finally, noticing that, for any a in S, and b in Sg, we deduce that ab = eag(ab) € Sag. 
Clearly, eaga € Sag. Then there exists f? = f € UM Sag such that eagaf = eaga. Similarly, 
there exists &% = eg € UN Sg such that egb = b for any b € Sg. By the right normality of U 


again, we have 
€apdeagh = engafeagegb = eagdeag fegb = eagafegb = eagab. 


This shows that ab = ape.agbYe,as- Hence S is indeed a strong semilattice of the semigroups 
Sa = Ma x Aq, denoted by (S,U) = [Y; Sa; Ya,a]- 


(iii) => (i) Let (5,U) = [Y; Sa; Ya,g] be a strong semilattice of semigroup Sa = Ma x Aa 
and the set of projections U = Usey{(la,2)| la is the identity of Ma,i € Aa}. Let e € 
Sanu, fe SsgNU, epaas = (log,t), fg.6 = (lag,Jj). Then ef = (ep~aos)(f?s,08) = 
(lag, t)(lag,j) = (las, j) € U. It follows that U is a band. 

Now we claim that for any a,b € S',b 4 1 and e € U,aeb = eab hold. Suppose that 
a,b € S',b A 1 and e € U. Then there exist a, 8, y € Y such that a € Sj, b € Sj and 
e€UNS,. Write d= ay, ava,s = (2,1), byg,5 = (y, 7) and ey,,5 = (15, k), we have 


aeb = (Apa,5)(€%4,5) (bp 8,5) = (#, (15, k)(y, 5) = (ay, J). 


Similarly, eab = (xy, 7). Thus, eab = aeb. 

To see that each £Y-class of (S,U) contains at least one projection, we first let a = (a, i) € 
Sq and e = (la,t) € SaNU. Clearly, ea = ae = (2, %) a. For any f € Sg NU, let 
fe,0e = (ee,j). Suppose that af =a. Then we have af = a and 








af = (ava,o6)(f¥B,a8) = (z,7)(lap,J) = (x, J) == (x, 4), 


Hence i = j and ef = (e€¥a,aa)(f¥8,08) = (1a,t)(les,j) = (le, Jj) = (le, t) =e. It follows that 
(a,e) E LY. 

Suppose that (a,e) € LY, (a, f) € LY,e € SaNU, f € Sg NU, then we have (e, f) € LY. 
Hence e = ef =efe = fee = fe = f. It follows that every £Y-class of (S,U) contains a unique 








projection. We use a* to denote the unique projection of L, NU. It is easy to observe that 
aa* =a. 

Let a € Sy, b € Sg, cE S,, e € &,NU. Write 6 = afy, aves = (2,1), b9g5 = 
(y,3), CYy,5 = (z,k), b* pe,5 = (m,n) and ey,,5 = (15, t). Suppose that (a, b) € LY. Then ae = 
aif and only if be = b. Suppose that ace = ac, that is, aa*ce = aa*c. Using the fact that a* = b* 
, we deduce that ab*ce = ab*c. Hence (ava,s)(b* 98,5) (cPy,5)(€a,6) = (G¥a,5)(b* Y8,5)(CYy,5), 
that is, (x, i)(m,n)(z,k)(15,t) = (#,1)(m,n)(z,k) and (amzl15,t) = (amz,k). Then we have 
mzls = mz by Mz, is a U-left cancellative monoid and t = k. Hence bce = bb*ce = 
(b93,5)(0* 93,5) (cPy,5) (€Pa,5) = (ymz15,t) = (ymz, k) = (bye,5)(b" 96,5) (cHy,5) = bb*c = be. 

Similarly, bce = bc implies that ace = ac. Thus, we have already proved that (ac, bc) € roe 
This shows that LY is a right congruence on S. In fact we have proved that (S,U) is a left 
U-rpp semigroup. 
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On the Smarandache 5n-digital sequence 
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Abstract For any positive integer n, the Smarandache 5n-digital sequence is defined as 
{an} = {15, 210, 315, 420, 525, 630, 735, 840,945, 1050,---}. That is, for any element a» in 
{an}, it can be partitioned into two groups such that the second is five times bigger than the 
first. The main purpose of this paper is using the elementary method to study the properties 
of the Smarandache 5n-digital sequence, and obtained some usefull conclusions. 

Keywords The Smarandache 5n-digital sequence, elementary method, conjecture infinite 


series, convergence. 


§1. Introduction and results 


For any positive integer n, the Smarandache 5n-digital sequence is defined as {a,} = 
{15, 210, 315, 420, 525, 630, 735, 840, 945, 1050,---}. That is, for any element a,, in {a,}, it can 
be partitioned into two parts such that the second is five times bigger than the first. This 
sequence was first proposed by professor F. Smarandache, he also asked us to study the proper- 
ties of 5n-digital sequence. About this problem, it seems that none had studied it yet, at least 
we have not seen any related papers before. Recently, Professor Zhang Wenpeng proposed the 
following: 

Conjecture. There does not exist any complete square number in the Smarandache 5n- 
digital sequence {a,}. That is, the equation a, = m? has no positive integer solution. 

I think that this conjecture is interesting, because if it is true, then we shall obtain a deeply 
properties of the Smarandache 5n-digital sequence. In this paper, we are using the elementary 
method to prove that the Zhang’s conjecture is correct for some special positive integers. At 
the same time, we also study the convergent properties of one kind infinite series involving the 


Smarandache 5n-digital sequence, and give a sharper asymptotic formula for S- “ T hat is, 
an 


we shall prove the following conclusions: _ 

Theorem 1. If positive integer n is a square-free number (That is, for any prime p, if 
p|n, then p? {n), then a, is not a complete square number. 

Theorem 2. If positive integer n is a complete square number, then a,, is not a complete 
square number. 


1 
Theorem 3. Let z be a real number. If z > 5 then the infinite series 
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1 
is convergent; If z < =, then the infinite series (1) is divergent. 
Theorem 4. For any real number N > 1, we have the asymptotic formula 


n 9 InN 
Ss 1). 
Zw, 50 mig 


§2. Proof of the theorems 


In this section, we shall use the elementary method to complete the proof of our theorems. 
First we prove Theorem 1. For any square-free number n, let 5n = by(n)be(n)—1°+ + 6261, where 
1 < den) $< 9,0 <b} <9, i =1, 2, ---, k(n) —1. Then from the definition of a, we know 
that a, = n-(10*™ +5). If n is a square-free number, and there exists a positive integer m 
such that 





On = n- (10%) + 5) = m?, (2) 


Then from (2) and the definition of square-free number we know that n | m. Let m = u-n, 
then (2) become 


10°) 4.5 =u?-n. (3) 


In formula (3), we know that: 
— is j 33] i k(n) a Sisraway > bh acai = 
(a). If u = 1, then (3) is impossible. Since 10 +5 > 99 9 > benybe(n)—1* + * b2b1 


bn > n. 

(b). If u = 2, then (3) does not hold. In fact, if (2) holds, then 10" +5 = 4-n, since 
10*(™) +5 is an odd number, but 4-n is an even number, this contradicts with 10°” +5 = 4-n. 

(c). If u = 3, then (3) is impossible. In this case, we have the congruence 10") +5 = 6( 
mod 9), but u?-n = 3?-n=0( mod 9), so (3) is not possible. 

(d). If u = 4, then 10°”) +5 is an odd number, but u?-n = 4? -n is an even number, so 
(3) does not hold. 

(e). If u = 5, then we have the congruence 10*(") +5 = 5( mod 25), but u?-n = 5?-n = 0( 
mod 25), so (3) is impossible. 

(f). If u = 6, then 10”) +5 is an odd number, and wu? -n = 6? - n is an even number, so 
(3) is not correct. 

(g). If uw = 7, then we have: 

(i) If 3tn, then we have 10*(™ +5 =0( mod 3), but u2-n = 7?-n =0( mod 3) doesn’t 
hold, so (3) is not correct. 

(ii) If 3]n, let’s nm = 3a, where a is an even integer. It’s clear that (3) doesn’t hold, since 








10*(™) +5 is an odd number, while u? -n = 7? -n = 49-n = 49 - 3a is an even number. 

(iii) If 3)n, let’s nm = 3a, where a is an odd integer. From the definition of square-free 
number, we know that 3?{n and (3,a) = 1, then (3) become u?-n = 7?-n = 77+ 3a = 
10) +5 = 9-111---1+6, that is 7?-a—2=3-111---1. 

SS SS 
k(n) k(n) 
Ifa =3b+1, then 72-a-2=72- (3641) -2=72-3b+4743-111--1. 
—S—_— 
k(n) 
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= 2: —_ = 2, = = 2, = é 2 % bias cd 
If a = 364.2, then 72-a—2= 72. (3b4+2)—2=72-3b+96 =3- (726432) £3-111---1, 
k(n) 


so formula (3) is impossible. 


(h). If w > 8, then note that 5n = dy(nyde(n)—1° ++ b2b1 = 10*()-1, we have the inequality 
uw -n>8?-n=64n =10-6n+4n>10-6n4+5>10-5n+5 > 10° +5, 


so formula (3) does not hold. 


From above discussion, we know that there does not exist any positive integer u such that 
formula (3) hold. This proves Theorem 1. 


Now we prove Theorem 2. Let n = u? be a complete square number, if there exists a 


positive integer m such that 
n+ (10% 4.5) = u?- (10 +5) = m?, (4) 
then from (4) we deduce that u | m, let m= wu-r, then formula (4) become 
10") 45 = 7?, (5) 
It is clear that (5) is not possible, since 10°”) +5 =5-(2-10%™-141) and 542-10")! +41, 


this contradicts with 10" + 5 = r?. This proves Theorem 2. 


Now we prove Theorem 3. For any element a, in {an}, let 5n = bynybe(n)—1 °° + b2b1, where 
1< deny 9,0 <b; <9,i=1, 2, ---, k(n)—1. Then from the definition of the Smarandache 
5n-digital sequence we have: 





On =n- 10° 45-n=n- (108) +5). (6) 
On the other hand, note that for any positive integer n, if 


200---00 <n < 199--- 99, 
~_-S ~_-—S 
uU utl 


then 5n = by4iby---+ bob, where 1 < bu41 <9,0< 6; <9,2=1, 2, ---, u,so k(n) =ut1. 
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Therefore we have: 





+00 Tl +00 1 
f(z) = ps az = d ne (10A(n) +5) 


1 1 
2.72. (10 +5)" Ze, i - (102 +5)? 


1 1 
+ De 70S 5) pe (oe +5)? 


20<i<199 200<i<1999 





+00 


18 - 10*-? 
» 102: (k-2) . 192% 


ioe 
= 18. ar (R-1) . 192k +D) 


+oo 10% 


18 - d 102:(K-1) . 192(k+1) 


+00 1 


= 18. » TCS (7) 


IA 





IA 








1 
Now if z > —, then from (7) and the properties of the geometric progression we know that f(z) 


is convergent. If z < 5? then from (7) we also have: 





f@) = a ke fica ) +5) 








n= ‘e 
i W045 2 + Gages 
12. TEE oem" TE +5)2 
1 be d . 
ao<icioo ©” Corre) 200<icio00 © (10% + 5)* 
<= 18 10*-? 
= > 102:(k-1) . 1Q92(k+1) 





+oo 


ie 
= 18: » 102% . 1902(k+2) 


+00 
1 
= 18-) Space (8) 
k=0 





BR 


Then from the properties of the geometric progression and (8) we know that the series f(z) is 


1 
divergent if z < ~. This proves Theorem 3. 
Now we prove Theorem 4. For any positive integer N, there exist a positive integer M such 
that 
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Note that for any positive integer n, if 

















u utl 
then 5n = b,41b,-++b2b1, where 1 < by41 <9,0< 6b; <9i=1, 2,---, u, so k(n) =ut 1. 
Therefore we have 
+2 = Laws 
= k(n 
nen 2 beet ea 
1 1 1 
- oot Dowet bo owat 
104+5 ere +5 Social” +5 
1 1 
ay y ioMas5* » 10”@+145 
20---00<n<19---99 20---00<n<N 
——” ——’ —>SS—” 
M-1 M M 
2 tg Bg Tg pie, Nort 
~ 1045 1074+5 103 +5 10” +5 10/@+145 
. 9 1045-5  10°+5-5 , 10h+5—-5 , lo +55 
~ 50 10+5 107+5 10° +5 10/@ +5 








[ee ae | 
+ 5 
10M+145 75 
2 M S af ? + + a 
~ 50 10+5 107+5 103+5 10/@ +5 
Nota a 
5 


TOM TS 7 
M 














9 9 i w-Wl41 4 
= .M : ; 5 . 
50 10 Pe +5 10M4145 7% 


4=1 





Considering M, by the inequality 


200---00 < N <199---99, 
>__ —_S+_J-_=_—_ 
M M-+1 


we have 
10 25N <0" tt =, 





Min10.<In5N < (M+ 1)In10-+Im (1 : ). 








In(1 — aear 
In 5N n( ome) iI < M < ln SN 
In 10 In 10 In 10 


5 1 
Note that as N —_ +00, In(1 = oma) => O (sar): then 








n5N 1 1 In5N 
In 10 _ , 
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Combining this we may immediately deduce the congruence 


9 InN 
S 50 ino POM) 
nen om n 





This completes the proof of Theorem 4. 
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Abstract Suppose that S is a locally inverse semigroup with an inverse transversal S°. We 
can construct an amenable partial order on S by a McAlister cone of S°. Conversely, every 
amenable partial order on S can be constructed in this way. We show that the amenable 
partial order constructed by the set E(S°) of all idempotents of S®° is the natural partial order 
on S. 


Keywords Locally inverse semigroup, amenable partial order, inverse transversal. 


§1. Introduction and preliminary 


A semigroup S' is said to be a partially ordered semigroup, or to be partially ordered, if it 
admits a compatible ordering <; That is, < is a partial order on S' such that 


(Va,bE€S,2€S')a<b=— 20a < xb and az < be. 


Let S be a regular semigroup with set E(S) of idempotent elements. As usual, < denotes 
the natural partial order on S. That is, for any a, b € S, 


axb ifandonlyif a=eb=bf forsome e, f € E(S). 


By Corollary II. 4.2 in [1], the natural partial order X on S is compatible with the multiplication 
if and only if S is a locally inverse semigroup. Thus, a locally inverse semigroup equipped with 
the natural partial order is a partially ordered semigroup. Particularly, an inverse semigroup is 
a partially ordered semigroup under the natural partial order. 

McAlister introduced and studied amenable partially ordered inverse semigroup in [3]. 

Definition 1.1.!3] Let (S, -, <) be a partially ordered inverse semigroup. The partial order 
< is said to be a left(right) amenable partial order if it coincides with x on idempotents and 
for each a, b € S, a < bimplies a~ta =X b-'b(aa~! X bb~'). If < is both a left amenable partial 
order and a right amenable partial order on S$, then < is called an amenable partial order and 





S is called an amenable partially ordered inverse semigroup. 
Blyth and Almeida Santos generalized (left) amenable partial orders on inverse semigroup 
to regular semigroup with an inverse transversal in [4]. Let S be a regular semigroup, for any 
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a € S, V(a) denotes the all inverses of a. An inverse transversal of a regular semigroup S is an 
inverse subsemigroup S° with the property that |S°()V(a)| = 1 for every a in S. The unique 
inverse of a in S°()V(a) is written as a° and (a°)° as a°°. The set of idempotents in S° is 
denoted by E(S°) . We recall the following definition. 

Definition 1.2.!4] Let (S, -, <) be a partially ordered regular semigroup with an inverse 
transversal S°. If < coincides with = on idempotents and the partial order < has the following 
property 


(Va,bE S) a<b= > aaxb°d, 


then < is said to be a left amenable partial order on S. Dually, if a < b implies aa° = bb°, then 
< is called a right amenable partial order on S. If < is both a left amenable partial order and 
a right amenable partial order on S, then < is called an amenable partial order and S' is called 
an amenable partially ordered regular semigroup with inverse transversal S°. 

Suppose that S is a locally inverse semigroup with an inverse transversal S°. Blyth and 
Almeida Santos gave a complete description of all amenable partial orders on S and showed 
the natural partial order on S$ is the smallest amenable partial order in [5]. They also proved 
that every amenable partial orders on S° extends to a unique amenable partial order on S. 
In this paper, we will give a new characterization of the amenable partial orders on S. We 
can construct an amenable partial order on S by a McAlister cone of S°. Conversely, every 
amenable partial order on S can be constructed in this way, which simplify Blyth and Almeida 
Santos’s work in [5]. It is easily seen that the set E(S°) of all idempotent elements of S° is the 
smallest McAlister cone of S°. We will show that the amenable partial order constructed by 
E(S°) is equal to the natural partial order on S and so the natural partial order on S' is the 


smallest amenable partial order. 


§2. Constructing amenable partial orders 


Suppose that (.S, -) is a regular semigroup with an inverse transversal S°. For any a, b € S, 
Blyth and Almeida Santos say in [5] that S satisfies the following formulars 


(ab)° = (a°ab)a° = b°(ab°b)° = b°(a°abb°)°, (a°b)° = b°a®®, (ab°)° = b°°a’. (1) 
According to Blyth and Almeida Santos in [5], if S is locally inverse, then 
(Va, b, cE S) a®bce? =a°bc®. (2) 


Suppose that S is a regular semigroup with an inverse transversal S°. Blyth and Almeida 
Santos stated in [4] and [5] that the two subsets of E(S) 


A = {ax°a|a € S} and I = {xa°|x € S} 


are respectively right regular subband and left regular subband of E(,S). Hence, we immediately 
have the following lemma. 

Lemma 2.1. Let S be a locally inverse semigroup with an inverse transversal S°. Then 
A is aright normal subband of E(S) and IJ is a left normal subband of F(S). 
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Let S be a locally inverse semigroup with an inverse transversal S°. The two subsets of S$ 


are 
L= {rx°x |x € S}, R= {x°°x°a|z € S}, 


Blyth and Almeida Santos in [5] established the following fundamental statements: 

(a) L is a left normal orthodox subsemigroup of S and I = {xx°|a € S} is the set of all 
idempotents of L; 

(G) R is a right normal orthodox subsemigroup of S and A = {x°a|x € S} is the set of all 
idempotents of R; 

(y) LN R=S°, Af\l = E(S°). 


Consider the following two sets 
A*={ax Ee S\(Vl € A) lal =al}, I* = {x € S\(Vr € I) rar =rz}, 


Blyth and Almeida Santos proved that A* is a subsemigrup of S containing A and I* is a 
subsemigroup of S containing I (see Theorem 3 in [5]), and after that they introduced the 
concepts of R-cone and L-cone of S$, which generalized the notion of McAlister cone in an 
inverse semigroup. If a full subsemigroup Q of A* with the properties that Q(]Q° = E(S°) 
and tQx° C Q for all « € R, then Q is called a R-cone of S. Dually, they considered the 
subsemigroup of J* and gave the notion of E-cone. They proved in [5] that an amenable partial 
order on S' can be constructed by a R-cone P and a L-cone Q, conversely, every amenable 
partial order on S can be obtained in this way (see Theorems 8 and 10 in [5]). If P is a R-cone 
and Q is a L-cone, they also proved that P(|Q is a McAlister cone of S° (see Theorem 17 in 
[5]). We will recall the concept of McAlister cone of S° in the following. 

Suppose that S' is a locally inverse semigroup with an inverse transversal S°. Consider the 
set 


E(S°)¢ = {a € S|(Ve € E(S°)) ex = ze}, 


which is the centralizer of E(S°) in S. Blyth and Almeida Santos showed that E(S°)¢ is a 
subsemigroup of S° (see Theorem 16 in [5]). Now, we have 

Definition 2.2.!! Suppose that S'is a locally inverse semigroup with an inverse transversal 
S°. A subset Q of S° is said to be a McAlister cone of S° if 


(i) Q is a subsemigroup of E(S°)¢; 
(ii) QT) Q° = E(S°) (Q° = {a°| ae Q}); 
(ii) (Wee s)2°QOxr CQ. 


If S is a locally inverse semigroup with an inverse transversal S°, then it is easy to see that 
E(S°) is a McAlister cone of S°. The following result will show that an amenable partial order 
on S also can be constructed by a McAlister cone of S°. 

Theorem 2.3. Suppose that S is a locally inverse semigroup with an inverse transversal 
S°. Let C be a McAlister cone of S°. Then the relation <c defined on S' by 


t<K<oy SS rx? XK yy®, Tax yy, rey, yur? EC (*) 


Amenable partial orders on a locally inverse semigroup 77 





is an amenable partial order on S. 

Proof. It is easily seen that <c is reflexive. If x <c y and y <c a, then 77° = yy®, ex = 
ycy, e°y®?, you?’ € C. Thus y°2°? = (x°y°?)° € Cf] C° = E(S°) since C is a McAlister 
cone. It follows from wa° = yy°® and (1) that w°°x° = (xx°)° = (yy?)° = y°°y° and so 
yo = ea = —. , which gives y° x 7°. Likewise, x° = y° and so x° = y°, furthermore, 
we have 7°° = y°°. Hence, 7 = rx°- x°°- 2° ax = yy? y°?- yoy = y, thus <c is anti-symmetric. 
Ifa<co y a y <o 2, then 2°x < y°y X 2°2, wa° X yy’ X 22° and ay’, y°2°° € C. We 
obtain from xx° x yy® that rx°yy°® = xx°. It follows from Definition 2.2 that x°y°°y°z°° EC. 


We thus have 


0,,00,, 0,00 0,,00, 0,00 


Loy yz = wary yoz 


= 2°(an°yy?)z°° (by (2)) 


oOo re 


Consequently x°2z°° € C, similarly, we have z € Candsoz <c z. Thereby, <c is transitive 
and <c is a partial order on S. 


Suppose that « <c y. For any z € S, we have 


(zx)°(zy)°° = #°(za@x°)°(zy)°° (by, (1)) 
x°(zyy°xu°)°(zy)°° 

_ wo eo wy? (zy)? (zy)?? 

= x°y°°(zy)°(zy)°° 

€ CE(S°) 


eC (E(S°) CC) 


and 
(zy)°°(za)° = (zy)°°x°(zax°)° (by, (1)) 
= (zyy°y) zux° yy”)? 
= (zyy 0\o0o qe x°(zyy® Lx Pe 
= ( 
= ( 


oOo £"" 


fe) 


zy fete) y°° x? (zyyou? x’)? (by (2)) 


) 
y°) 
y°)royeearare°a?(zyy?)° (by (1)) 
= (zyy?)°oy?ea® (zyy?)° 

EC, (y°°a° EC) 
ie., (zx)°(zy)°°, (zy)°°(zx)° € C. It follows by Theorem 8 in [5] that zax(zx)° = zy(zy)° and 
(za)°zax X (zy)°zy. Thus we have zx <c zy, therefore <¢ is compatible on the left. Dually, we 


zy fe) 


have that <c is also compatible on the right and so (5, -, <c) is a partially ordered semigroup. 

In the following, we will show that the partial order <c¢ coincides with the natural partial 
order on E(S). Suppose that e, f € E(S) and e<c f. Then e°e x f° f, ee° < f f°. It follows 
from Theorem 2 in [5] that e x f. Conversely, if e < f, then e°e x f°f, ee° x ff° and 
eof € A, fe? € I. Furthermore, we have (e°f)°° = f°°e° € E(S°) C C, likewise, e° f°° € C. 
Thus e <c f, and consequently <c¢ coincides with X on idempotents. This shows that <c is 


an amenable partial order on S. 
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Assume that S is a locally inverse semigroup with an inverse transversal S° and < is a 
partial order on S$. We denote by <*° the restriction of < on S°. Then the following lemma is 
clear. 

Lemma 2.4. Suppose that S is a locally inverse semigroup with an inverse transversal 
S°. If < is an amenable partial order on S, then <* is an amenable partial order on S°. 

Lemma 2.5. Suppose that S is a locally inverse semigroup with an inverse transversal 
S°. If the partial order < is an amenable partial order on S, then 

(Va,bES)a<b= >a <™ b. 

Proof. Suppose that a < b, then aa° = bb° and a°a X b°b, From (1) and (2) we have 
(aa°bb°)° = (aa°b°°b°)° = b°°b°a°°a® = (aa°)° = a°°a°’. This shows that a°°a° ~< b°°D°. 
Likewise, a°a°° ~< b°b°°. Since < is an amenable partial order, a°°a° < 6°°b° and a°a°®° < b°b°°, 
and consequently a°° = a°°a°aa°a®? < b°°b°bb°b°° = b°°. It follows from a°°, 6°° € S° that 
ae? <%* °°, as required. 

Proposition 2.6. Suppose that S is a locally inverse semigroup with an inverse transversal 
S°. If the partial order < is an amenable partial order on S, then there exists a McAlister cone 
C of S° such that <c=<. 

Proof. Assume that < is an amenable partial order on S, we denote by <% * the restriction 
of < on S°. It follows by Lemma 2.5 that <° * ig an amenable partial order on S°. Let 

C = {2|z € 9°, 2a <™ 2, ra <* a}, 


it easy to see that E(S°) C C. By Lemma 2.1 (di) in [3] and its dual, we have C is the subset 
of E(S°)¢. Now let z, y € C. Then 


(zy)°ry = yPaay (x, y € S°) 
= yyy’xray 

= wayyy (E(S°) is asemilattice) 

= wxxry 

<< ry. 
Likewise, ry(xy)° <*° xy and so ry € C. This shows that C is a subsemigroup of E(S°)¢. 

Suppose that x, 2° € C. Then x°x <*° x, x°°x® <*° 2°. From x € S° we obtain 2° = z, 

thus zx° <*° 2°, post-multiplying this by 2, we have  <* «°x whence x = x°x € E(S°), 
hence, C(|C° C E(S°). On the other hand, it is clear that E(S°) C C()C°. Consequently 


E(S°)=C(C°. 
For any z € S, a € C, we have 
(2° ax°°)° (a°ax°°) = ro anne xe axr®? (by (1)) 


= rarane’ ar? 7°? (aEeCC E(S°)¢) 


ae ef ae??: (a°a <* a) 
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Dually, we obtain (a°ax°°)(#°ax°°)° <5° 2°ar°°. Thus r°ax°? € C and so 2°Cx® CC. It 
follows from Definition 2.2 that C is a McAlister cone of S°. 
Consider the corresponding partial order <g given by 


tcp ay, es esas ye ye |]. 


We can obtain from Theorem 2.3 that <c is an amenable partial order on S. 
In the following, we will show that <c=<. 
Suppose that « <c y. Then x2° = yy® and 2°y°° € C, hence, 


w°°n? = (wa°)°° (by (1)) 
= (aa°yy?)°? 
= (wa yy??? (by (2)) 
= we aeyhoy? (by (1)) 


00,,0,,00,,0,,00,,0 


= ye yr ara yoy 
= °° (429 y°°)? (2° y°?)y? 
<s° y°? (x°y??)y° 

= 42° g°y0%y9 

= 5° (429° py?) 

= 49999309 

= 42°, 


O 00 0,,00 0, ,00 


Since < is an amenable partial order, = ra°ax°°a°a < wa°y°aran < yyry??y°y = y. Thus 
SoG. 

Suppose that a,b € S anda < b. It follows from a < b that aa° ~< 6bb° and a°a x 6°), 
furthermore, b°b°°a® = a°®. By Lemma 2.5, we have a°° <* 6°°. Hence, (a°b)°(a°b)°°? = 
bearrarbee <5" B°b°° abe? = a°b°? = (a°b)°°, ie., (a°b)°(a°b)°? <* (a°b)°°. Similarly, we 
have (a°b)°°(a°b)° <*" (a°b)°°. Thus a°b°° = (a°b)°° € C. Dually, we can get b°°a®? € C. It 
follows from definition of <c¢ that a <c b, which implies <C<o and so <q=<. 

It is easy to see that E(.S°) is the smallest McAlister cone of S°, by Proposition 2.6 and 
Theorem 11 in [5], we have the following result. 

Theorem 2.7. Suppose that S is a locally inverse semigroup with an inverse transversal 
S°. Then <p:ge) defined by (*) is the smallest amenable partial order on S and <,:g0)=2. 
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Abstract In this paper, we use the Ceva’s Theorem and Menelaus’ Theorem to study Smaran- 
dache’s Cevians Theorem (II), and give the generalization of Smarandanche’s Cevians Theo- 


rem (II) in quadrilateral and pentagon. 


Keywords Ceva’s Theorem, Menelaus’ Theorem, quadrilateral, pentagon. 


§1. Introduction and results 


Dr. M. Khoshnevisan presented the Smarandache’s Cevians Theorem (II) in the geometry 
of triangle, which stated as follows: 
In a triangle AABC (see Fig. 1) we draw the Cevians AA, BB,, CC} that intersect in P. 


Then 
PA PB PC AB BC CA 


PA, PB: PC. AGB Be OL 





Cl P By 





(Fig. 1) 


Where the lines and following are all directive. 

In this paper, we shall generalize this theorem for quadrilateral and pentagon. That is, we 
shall prove the following: 

Theorem 1. Taking a point of P optional in quadrilateral ABCD (see Fig. 2), draw the 
AP, BP,CP, DP that intersect the opposite sides with A,, B,,C,, D,. Then 


PA PB PC PD _ AD. DC CD Y BC 
PA,” PB,” PG,” PD AyD” DiC” CID Bic” 





82 Le Huan 











(Fig. 2) 


Theorem 2. The Smarandache’s Cevians Theorem (II) can’t be generalized to pentagon. 


§2. Some lemmas 


To complete the proof of the theorems, we need the following several lemmas. 
Lemma 1. (Ceva’s Theorem) In the triangle AABC (see Fig. 3), we draw the 
AA,, BB,,CC;, that intersect in P, then 


AC; BA, CB, 








= 
GB AC” BA 
A 
Cy P By 
B re C 
(Fig. 3) 


Proof. In the triangle AAB Aj, cut by transversal CPC, we apply the Menelaus’ Theorem 


BC AP ACL _ | 
CA, PA’ GiB 





In the triangle AAA,C, cut by transversal BPB,, we apply again the Menelaus’ Theorem 


CB A,P_ AB, 


ea}, 
BA, PA ~ BC 





Divide the two above-mentioned formulas and we obtain 


AC, BA, CB, 


Ge AC eA 





Lemma 2. (The generalization of Ceva’s Theorem ) In any polygon A; A2--- An 
(see Fig. 4), if we have Ceva’s point on n — 1 edge, then we can determine one and only one 
Ceva’s point on the edge of n. Thus, 


AiP, : A2P2 oy AF ani . AnPn _ 
PiAz PoA3 Pn—1An P,Ay 











ey 
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Ay 








(Fig. 4) 


Proof. In the triangle A.A; A2A3, we apply the Ceva’s Theorem 


A, P, . Az P2 % A3Q1 wef 
P, Ag P2A3 Qi Ai ; 





In the triangle AA, A3A4, we apply the Ceva’s Theorem 


AiQi . A3P3 . AsQo = 
QiA3  P3Aqg Qo Ai ; 





In the triangle AA, A,,_1;A,, we apply again the Ceva’s Theorem 


AiQn-3 An—1Pp-1 AnPn _ 


=. 
Qn—-3An-1 e Pph—1An 7 PA 





Multiplying the above-mentioned formulas we have 


AiP, . A2P, eae An—1Pa-1 m AnPn _ 
P, Ag P,A3 cee P,Ay - 











(—1)*. 
Lemma 3. (Menelaus’ Theorem) In the triangle AABC (see Fig. 5), if a straight line 
intersect with AB, BC,CA or their extension at F, D, E, then 


AF BD CE _ 
FB’ DC” EA 





A 


PS. 





(Fig. 5) 
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: : . BD _ FB CE _ PF 
Proof. Taking CP//DF, intersect AB at P, 46 = pp, Fa = ap then 


AF BD CE _AF FB PF _ 
FB” DC” EA FB” PF” AF 








Lemma 4. (The generalization of Menelaus’ Theorem ) In a polygon A; A2--- An, 
the linear L intersect with A,A2, A2A3,--: ,A,A, at P,, Po,--- , Py, then 


AP, x AgP» An—1Ppr-1 AnPn = 


aa =1. 
PiAg  P2A3 eee Pn—1An : PrAi 











Proof. Apply the mathematical induction. If n = 3, then it is the Menelaus’ Theorem. 
Suppose the theorem holds for n = k. That is, 
AiP, — AoP2 Ag—1Pp_1 _ ArPr 


x ae < x —ial 
PiAg  P2A3 Pri Ak PA 











Then for n = k +1, apply the Menelaus’ Theorem in the triangle AA; A;,Az41 we have 
A,P, Ax Pr Anyi Prot 














x x le 
PprAg  PrAgsqi Pepi Ai 
Multiplying the above formulas and we obtain 
AjP, — AoP2 Ap—1Pp-1 Ax Py ApsiPrii 
x Kaa & x x =, 
P,Ag P,A3 PeiAg PrAgyi Prot At 


This shows that the theorem holds for n = k +1. Now the Lemma 4 follows from the 


induction. 


§3. Proof of the theorems 


In this section, we prove Theorem 1 and Theorem 2. First we prove Theorem 1. Apply 
the Menelaus’ Theorem in the triangle AAD Aj, we have 


DC AP AC, 

















=1. 
CA, * PA ™ GD 
In the triangle ABC'B,, 
CD BP BD, 
x x = 1: 
DB, PB DC 
In the triangle ACDC;, 
DA CMP CA 
x x Sil; 
AC, PC AiD 
In the triangle ACDD,, 
GB: .DiP DB: 4 


BD, PD BC 


Multiplying the above formulas we have 


PA PB PC. PD _ AD. DC CD | BC 
PA,” PB,” PC,” PD, A.D” DC” QD” BnC 





This proves Theorem 1. 
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Now we prove Theorem 2. It is clear that in the pentagon (see Fig. 6) 





A B 
D, 
C 
‘ EB 
oh ' 
By 
Ai D 
(Fig. 6) 


the conclusions are not correct. Otherwise, we have 


PA PB PC PD PE AE ED DE ED CD 
x x x x = x x x x P 
PA, PB, PQ, PD, PE, AE ED DE ED GMD 





Connect AC, according to the conclusion in the quadrilateral, we have 


PA PC PD PE _ AK DE | BD cD 
PA,” PC,” PD,” PE, AVE” DE” ED” OD 





Because ars is fixed, but as the movement of B, aoe is changing, so the conclusion is not 


correct. So the Smarandache’s Cevians Theorem (II) can’t be generalized to pentagon. 
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Abstract The concept of translational hull of semigroups was first introduced by Petrich in 
[8]. The translational hull of an inverse semigroup was studied by Ault in [4]. Fountain and 
Lawson studied the translational hull of adequate semigroups. And later on, the translational 
hull of strongly right or left adequate semigroups were further investigated by Ren and Shum. 
In this paper, we concentrate on the translational hull of strongly right Ehresmann semigroups. 
It is proved that the translational hull of a strongly right Ehresmann semigroup is still of the 
same type. Our results extends the previous results of strongly right adequate semigroups. 
Keywords Translational hulls, strongly right U-ample semigroups, strongly right Ehresm- 


ann semigroups. 


81. Introduction 


Recall that a mapping A from a semigroup S into itself is called a left translation of S if 
A(ab) = (Aa)b for all a,b in S. Similarly, a mapping p from S' into itself is a right translation 
of S' if (ab) p = a(bp) for all a,b in S. A left translation \ and a right translation p of S' are said 
to be linked if a(Ab) = (ap)b for all a,b in S. In this case, we call the pair (A, p) a bitranslation 
of S. The set A(S) of all left translations and the set P(S) of all right translations of S form 
semigroups under the composition of mappings. The translational hull of S' is the subsemigroup 
Q(S) of ACS) x P(S) which consist of all bitranslations (A, p). The concept of translational hull 
of semigroups and rings was first introduced in 1970 by Petrich in [8]. The translational hull of 
an inverse semigroup was first studied by Ault in [4], and the translational hull of an adequate 
semigroup was further studied by Fountain and Lawson in [1]. And later on, Ren and Shum 
investigated in 2006 the translational hull of a strongly right or left adequate semigroup in [11]. 
The translational hull of semigroup plays an important role in the theory of semigroups. 

Let E(S) be the set of all idempotents of a semigroup S and U C E(S) be a non-empty 
subset, namely, the set of projections of S. The generalized Green relation LY was first defined 
by Lawson in [9]. For any elements a,b in S, (a,b) € LY is defined if and only if a and b have 





1 The research of the first author is supported by the National Natural Science Foundation of China (10971160) 
and the Natural Science Foundation of Shaanxi Province (SJ08A06). 


The translational hull of strongly right Ehresmann semigroups 87 





the same set of right identities in U, that is to say, U? = U;,where 
UZ ={ueU | au=a}. 


It is easy to check that LC L* C LU. 

We now call a semigroup S a U-rpp semigroup if every LU -class of S contains a projection 
of S and LY isa right congruence, denoted by (S,U). A U-rpp semigroup (S,U) is called a 
right Ehresmann semigroup if the projections of (.5,U) commute. A U-rpp semigroup (S,U) is 
called strongly U-rpp semigroup if for any a € ($,U), there is a unique projection e € U such 
that aLe and a= ea. T hus, we naturally call a right Ehresmann semigroup (5, U) a strongly 
right Ehresmann semigroup if (S,U) is a strongly U-rpp semigroup. 

In this paper, we will show that the translational hull of an strongly right (left) Ehresmann 
semigroup is still of the same type. 

For any notation and terminologies not given in this paper, the reader is referred to [4], [5] 
and [6]. 


§2. Preliminaries 


We first give some basic results and notation from [7]. 

Lemma 2.1. Let a,b be elements of a semigroup (S,U). Then the following statements 
on (.5,U) are equivalent: 

(i) (a,b) € LY. 

(it) UP =U}, where UP ={ueU | au=a}. 

Lemma 2.2. If a€ (S,U) ande € U, then the following statements hold on (S,U): 

(i) (e,a) € LY. 

(it) ae = a and for all f € U,af =a implies ef =e. 


Lemma 2.3. If (S,U) is a strongly right Ehresmann semigroup, then each LY -class of 
(S,U) contains a unique projection in U. 

Proof. Suppose that a € (S,U) ande € LY NU. Let f € LY NU, since (S,U) is a strongly 
right Ehresmann semigroup, we have e = ef = fe = f. This show that each £U-class of (S,U) 
contains a unique projection in U. 

Suppose that (S,U) is a strongly right Ehresmann semigroup and a € (S,U). Then, by 
Lemma 2.3, we denote the unique projection in £U-class containing a of (S,U) by a*. 

Now we have directly from definition the following lemma. 

Lemma 2.4. Let a,b be elements of a strongly right Ehresmann semigroup (.5,U). Then 
the following conditions hold in (S,U) : 

(i) a£"b if and only if a* = b*. 

it) (ab)* = (a*b)*. 
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Lemma 2.5. Let (S,U) be astrongly right Ehresmann semigroup, the following statements 
are equivalent: 

(i) (S,U) is strongly right U-ample. 

(it) ea = a(ea)*, for every a € (S,U) and every projection e € U. 

We call a U-rpp semigroup (S,U) a projection balanced semigroup if for any a € (5,U), 
there exist projections e and f in ($,U) such that a = ea = af. It is clear that from Lemma 
2.4, a strongly right Ehresmann semigroup is a projection balanced semigroup. 


Lemma 2.6. Suppose that (S,U) is a projection balanced semigroup (S,U). 

(i) If \ and 4’ are two left translations of (5,U), then A = 2’ if and only if Ae = Xe for all 
ec U. 

(it) If p and p’ are two right translations of (S,U), then p = p’ if and only if ep = ep’ for 
alle € U. 

Proof. We only need to prove (7) since the proof of (ii) can be obtained similarly. The 
necessity part of (2) is clear. For the sufficiency part of (7), let a be an element of (S,U) and 
e be a projection such that ea = a. Then 








Aa = Nea) = (Ae)a = (A'e)a = NV (ea) = Na. 


Hence \ = X’. Thus the proof is completed. 

Lemma 2.7. Let (S,U) be a strongly right Ehresmann semigroup. If (A, p),(\’, 9’) € 
Q(S,U), then the following are equivalent: 

(i) vp) = (402). 

(it) A=N. 

(iit) p=". 

Proof. It is clear that (i) implies (#1) and (4) implies (ii). In fact, we only need to show 
that (2iz) implies (i). Suppose that p = p’. Then by our hypothesis, for any e € U there exists 
a projection f such that 








re = fre) = (foje = (fp')e = fre). 
And there exists a projection f’ such that 
Ne = fi(re) = (f'p')e = (f’pje = f'(Ae). 


Thus, we have that AeLX’e. Since ($,U) is a projection balanced semigroup, we can easily 
obtain that there exists g € U such that f(A’e) = (A’e)g. Hence, Ae = (A’e)g. Thus, Ae = 
(Ne)g-g = (Ae) +g. From LC LY, it follows that ’e = (Ne) -g so that Ae = Ne. By Lemma 
2.6, we obtain that = X’ and of course, (A, p) = (A’, p’). 


§3. Strongly right Ehresmann semigroups 


In this section, we assume always that (.S,U) is a strongly right Ehresmann semigroup with 
the set of projections U. 
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Let (A, e) € Q(S,U) which is the translational hull of (S,U). First we define two mappings 
A*, p* from (S,U) into itself by the rule that for any a € (S,U), 


A*a = (Aa*)*a 
ap’ = a(Xa*)*. 


Lemma 3.1. Let (S,U) be a strongly right Ehresmann semigroup with semilattice U of 
projections. Then for any e € U, 

(i) Ae = ep"; 

(it) A*e = (Ae)*; 

(iti) aL” da. 


Proof. (i) Since all projections commute, it follows immediately that for any e € U, 
A*e = (Ae)*e = e(Ae)* = ep*. 


(ii) By the definition of \*, we have that \*e = (Ae)*e. Since AeLY (Ae)* and LY is a right 
congruence on (S,U), it follows that Ae: cL" (Ae) *e, that is , WeLY (Ae)*e. By Lemma 2.3, each 
LY -class contains a unique projection so that (Ae)* = (Ae)*e. Hence, A*e = (Ae)*e = (Ae)*. 

(iii) Clearly, \a*£Y (Aa*)*. Since LY is a right congruence, we immediately obtain that 


da = Aa*aLY (Aa*)*a = Na. 


Lemma 3.2. The pair (A*, p*) is a member of the translational hull 0(S,U) of ($,U). 
Proof. First we show that \* is a left translation. Let a,b be elements of (S,U). Then 
by Lemma 3.1, 


A" (ab) = (A(ab)" ae ae - (ab) 
= A*(ab)* -a* - ab =a* - \*(ab)* - ab 
=a" - (ab)*p* - ab = (a* - (ab)*)p* - ab 

((ab)"a")p* - ab = (ab)"(a*p*) - ab 
= (a*p*)(ab)* - (ab) = A*a* - ab 

= (Aa*)*a-b = (A*a)b. 
We next show that p* is a right translation. Noting that (ab)b* = ab, we have that 

(ab)*b* = (ab)* so that b*(ab)* = (ab)*. Then by Lemma 3.1 and Lemma 2.4, we have 


(ab)p* 


I 


ab(X(ab)*)* = ab(\b* (ab)*)* 

(ab) ((Ab*)*(ab)*) = ab(ab)*(Ad*)* 
ab(Ab*)* = a(b(Ab*)*) 

= a(bp"*). 


This shows that p* is a right translation. 


I 


I 


Finally, we prove that (\*, p*) is a linked pair. It is clear that 
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a(A*b) = a(A*b*)b = aa*(A*b*) - bb 
aa*(b* p*)b = a(a*b*)p*) -b 
= a(b*a*)p* -b = a- b*(a*p*)b 
=a-(a*p*)b* -b = (aa*)p*b 
= (ap")b. 
This shows that the pair (A*, p*) is linked and so is in 0(S,U). 
Now we take the set &(S,U) as follows: 


W(S,U) = { (Ap) € E(A(S,U)) : UU CU}. 


Then, we have the following result. 
Lemma 3.3. The elements of &(S,U) are all idempotent. 
Proof. Let (A, p) € U(S,U) and e € U. Then 


re = A((Ae)e) = A(e(Ae)) = (Ale) (Ae) = Ae. 


It follows by Lemma 2.6 that \? = A. Again by Lemma 2.7, we have that (A, p)? = (A?, p”) = 
(A, p). 

Lemma 3.4. The elements of &(S,U) commute with each other. 

Proof. Let (A, p),(\’,p’) € U(S,U). Then, by the definition of U(.S,U), we have that 
AU UUp CU and NU UU p' CU. Thus, for any projection e € U, we have 


Are = AN (ee) = A((Ae)e) = A(e(A’e)) = (Ae) (Ne) = (A’e) (Ae) = N Ae. 


By Lemma 2.6, it is clear that AA’ = X’X. Similarly, we have that pp’ = p'p. Hence, (A, p)(X’, p’) = 
(X’, p')(A, p), as required. 

Lemma 3.5. (\*, p*) is an elements in U(S,U). 

Proof. Suppose that e € U. By Lemma 3.1, it is obvious that *e and ep* are all elements 
of U. Thus, (A*, p*) € U(S,U). 

It is natural to take U = (S,U) as the set of projections of the translational hull 0(S, U). 
Thus, we will prove that (Q(S,U),U) is a strongly right Ehresmann semigroup with the set of 
projections U. 

To do this, we need the following crucial Lemma. 


Lemma 3.6. Any clement (A, p) of Q(S,U) is £2-related to (A*, p*). 
Proof. Firstly we show that (A, p)(A*, p*) = (A, p). Assume that e is any projection from 
U. Then, by Lemma 3.1, we have that 


AME = A(ep*) = A(e2p*) = A(e- (ep*)) = Ae(ep*) = Ae(Ae)* = Ae. 


Using Lemma 2.6, we obtain \\* = A. Thus, it follows by Lemma 2.7 that (A, p)(A*, p*) = (A, p). 
To prove that (A, p)L7(A*, p*), we still need show from Lemma 2.2 that for any (X’,p’) € 
U, (A, p)(X’, p’) = (A, p) implies (A*, p*)(X’, p’) = (A*, p*). Since (S,U) is a strongly right Ehres- 
mann semigroup and by Lemma 3.1, we have that reLY (de)* = d*e for any e € U. Suppose 
that (A, p)(, p’) = (A, p) for any (X’, p’) € U. Then for any projection e € U, we have 
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(Ae) (Ne) = A(e(’e)) = A((A‘e)e) = AN (ee) = AN = Ae. 
This implies that \*e\’e = A*e. On the other hand, we have that 
A*er'e = A*(e(1e)) = A*((Ne)e) = AX* (MC) = A* Ne. 


Hence, A*A’e = A*e. It follows by Lemma 2.6 that A*\’ = A*. Thus, we have proved that 
(A*, p*)(N, p’) = (A*, p*). This completes the proof that (A, p) and (A*, p*) are £U- related. 

Lemma 3.7. LY on Q(S,U) is a right congruence. 

Proof. It is clear that the relation £Y on (S,U) is an equivalence. We next show that 
it is right compatible. Suppose that (1, p1), (Az, P2), (A353) € 2(S,U) and (Ay, p1)L2 (Az, p2). 
Then by Lemma 3.6, we have (A*, p*)L7(A%, p%). This leads to (A*, p*)L(AS, 9%) on (5,0). 
Since £ is aright congruence on (0(.5, U), it follows that (Aj, p{) (As, 3) L(A3, p3) (As, 23), that is, 
(AzA3, px p3)L2 (ASA3, pp3). Hence for any e € U, by Lemma 3.1 (iii), we have that (\,A3)*eLU 
MAzeLY A*AgeLY (A Ag)*e, that is, (Ay A3)*eLU (A*A3)*e. Since (S,U) is a strongly right Ehres- 
mann semigroup, it follows from Lemma 2.3 and Lemma 3.1 that (A1\3)*e = (AjA3)*e. By 
Lemma 2.6, we have (\;A3)* = (AjA3)*. Notice that 


Nel” Oia Say OOM Ae 


By Lemma 2.7 and the fact that (A\3)* = (A7A3)*, we have (1p3)* = (pjp3)*. Dually, 
pipsL” pips. Hence, (Ar, p1)(As, p3)LY (AF, pt) (As, pa) 

Similarly, we can easily obtain that (Az, p2)(A3, p3) LU (3, p3) (Az, p3). Thus we deduce that 
(Ax, p1)(A3, 03) LY (Aa, p2) (Az, 3) on 2(S,U) so that LU is indeed a right congruence. 


Summarizing above these observations, we can prove the following main theorem. 


Theorem 3.8. The translational hull of a strongly right Ehresmann semigroup is still a 
strongly right Ehresmann semigroup. 

Proof. By using the above Lemmas, we can easily verify that (5, U) is a right Ehresmann 
semigroup. To prove this theorem, we only need to prove that for any (A, p) € 2(S,U) there 
exist a unique projection (A*, p*) such that (A, p)L7(A*, p*) and (A*, p*)(A, p) = (A, p). Since 
(S,U) is a strongly right Ehresmann semigroup, we have 


A* Ne = (A(Ae)*)* (Ae) = (AA*e)* (Ae) = (Ae)*(Ae) = Ae, 


by Lemma 2.7 and so (A*, p*)(A, p) = (A, p). This shows that Q(S,U) is a strongly right Ehres- 
mann semigroup. The proof is hence completed. 


§4. Strongly right U-ample semigroups 


We say that a strongly right Ehresmann semigroup (S,U) in which ea = a(ea)* for every 
element a and every projection e of (S,U) is a strongly right U-ample semigroup. 

As a direct consequence of Theorem 3.8, we deduce the following theorem. 

Theorem 4.1. The translational hull of a strongly right U-ample semigroup is still a 
strongly right U-ample semigroup. 
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Proof. Let (S,U) be a strongly right U-ample semigroup. By Theorem 3.8, we know that 
Q(S,U) is strongly right Ehresmann. Also from the proof of this theorem we have 


U = 0(S,U) = {(,p) € E(Q(S,U)) : UU p CU}. 


Now let (A1,p1) € U and let (A,p) € 2(5,U),e € U(S). By our definition, we only need to 
show that (Aq, 91)(A, e) = (A, p)((A1, 91) (A, p))* for every element (A, ) and every projection 
(Ai, pi) € U. 

We now show that AyA = A(A1A)* and pip = p(pip)*. In fact, ArAe = Ai((Ae)*(Ae)) = 
(A1(Ae)*) Qe). 

Since (Ai, 91) € U, A1(Ae)* is a projection in ($,U). For (S,U) is strongly right U-ample, 
we have 


dp Ae = (Ay (Ae)*)(Ae) = (Ae) ((A1 (Ae)*) (Ae))* = Ale(Az Ae)”. 


And we also have 
Ae(AyAe)* = A(e(AyAe)*) = A((AyAe)*e) = A(((AzAe)*e)e) = A((A1A)*e) = A(ALA)*e. 
Then we obtain that \;A = A(A1A)*. Hence, 


(An, pi)(A; p) = A, e)(O1; pr); 2)”: 


This shows that Q(S,U) is a strongly right U-ample semigroup so that we have proved the 
theorem. 
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81. Introduction 


In this paper [1], Vasantha Kandasamy introduced the concept of Smarandache non- 
associative rings, which we shortly denote as SNA-rings. This concept derived from the general 
definition of a Smarandache Structure (i.e., a set A embedded with a weak structure W such 
that a proper subset B in A is embedded with a stronger structure S) and were firstly studied 
in the Smarandache algebraic literature. The only non-associative structure found in Smaran- 
dache algebraic notions are Smarandache groupiods and Smarandache loops introduced in [2] 
and [3], which are algebraic structures with only a single binary operation defined on them 
that is non-associative. But SNA-rings are non-associative structures on which are defined two 
binary operations one associative and other being non-associative and addition distributes over 
multiplication both from the right and left. By [1], it is well know that the loop ring is always 
a SNA-ring, and the groupiod ring is also a SAN-ring when it satisfies some conditions. Those 
results motivate us to find the smallest non-associative ring (By smallest we mean the number 
of elements in them that is order is the least that is we can not find any other non-associative 
ring of lesser order than that). In this note, we shall give some interesting results about the 
mentioned problems in [1]. 


§2. Preliminaries 


Definition 2.1. A set S together with a (binary) operation is a groupoid. A groupoid 
(S,*) satisfying the associative law 





1This work is supported by the N. S. F. (10271093, 60472068) and P. N. S. F. of China. 
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(cxy)kz=axax*(y*z) (2,y,2€S) 


is a semigroup. 

Definition 2.2. A ring (R,+,*) is said to be a non-associative ring if (R, +) is an additive 
abelian group, (R, x) is a non-associative semigroup (that is the binary operation * on R is non- 
associative )such that the distributive laws 


(aty)*z=xuxzty*z, ox(yt+z)=aeyt az, 


for all x,y,z € R. 

Definition 2.3. Let (R,+,*) be a non-associative ring. R is said to be a SNA-ring if R 
contains a proper subset P is an associative ring under the operations of R. 

Definition 2.4. A non-associative ring (R,+,*) is said to be a Moufang ring if the 
Moufang identity 


is satisfied for all x,y,z € R. 
Definition 2.5. Let (R,+,%*) be a non-associative ring. R is said to be a Bol ring if R 
satisfies the Bol identity 


((axy)*xz)xy = xox ((y*z)*y), forall z,y,zE R. 


In view of these we have the following interesting results. 

Theorem 2.6. If R is a Moufang ring and R is also a SNA-ring then R is a SNA Moufang 
ring. 

Theorem 2.7. Let R be a non-associative ring, which is a Bol ring. If R is a SNA-ring, 
then R is a SNA Bol ring. 


§3. Main results 


Theorem 3.1. A non-associative ring of order 2 is not exist. 
Proof. Suppose that R = {0,1} and (R,+,*) is a non-associative rings, in which (R,+) 
is an additive abelian group given by the following table: 


Fe of+ 


0 1 
1 1 
1 1 
Obviously, this form is single for an additive abelian group of order 2. Then by the law of 


addition distributive over multiplication both from the right and left we have : 


1l*x(1+1)=1%0 


}1*0=0, 
ite 0 





and 
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(1l+1)*1=0*«1 
\so*1=0, 
1*l+1*1=0 
and 
O*(1+1)=0«0 
\+0*0=0, 
O0*1+0*1=0 
and 


1*(1+0)=1+1 


boist=0orl, 
l*l4+1«0=1*«1 


we immediately have (R,*) by the following table: 


* 10 1 * 
0/0 0 
1|0 O 


0 
0/0 
1/0 


Fe O]F 


It is easy to see that (R,*) is a semigroup satisfied the associative law. It is contradictive 
with R is a non-associative ring. Thus, we can not find a non-associative ring of order 2. This 
completes the proof of Theorem 3.1. 

Theorem 3.2. The smallest non-associative ring is of order 3 given by the following 
example. 

Example 1. (A,+,*) be a non-associative ring of 3 given by the following table: 





It easy to see that (A,+) is an additive group, in which 
(bx b)*a=0xa=04 dx (bea) =bea=a, 


and so (A,*) is a non-associative semigroup. From Definition 2.1 and Theorem 3.1 we have 
Theorem 3.2. 
Example 2. (B,+,*) be a non-associative ring given of 4 by the following table: 














+/0 abe *|0 a be 
0/0 a be 0;0 0 0 0 
aja 0 aa a|}/0O a 0 0 

ba 0 b b/O c 0 0 
cle 0 b 0 c/0 0 0 0 


Similarly, we can obtain that (B,+,*) is a non-associative ring since 
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(bx a)*a=cxa=0F bx (axa) =bea=Cc, 


Hence, (B, *) is a non-associative semigroup. 

It is very natural to consider whether the smallest non-associative ring is a SNA-ring. we 
find a proper subset C = {0,a} of (A,+,*) in Example 1, which is a associative ring given by 
the following table: 


+/0 a *10 a 
0|0 a 0/0 O 
ala OQ a|O O 


Thus, it follows from Definition 2.2 that (A,+,*) is a SNA-ring, furthermore, we have the 
following theorem. 

Theorem 3.3. The smallest non-associative ring is a SNA-ring. 

Corollary 3.4. The least order of SNA-ring is 3. 

Theorem 3.5. (A,+,*) in Example 1 is the smallest SNA Moufang ring. 

Proof. It is easily seen that (A, *) satisfies the Bol identity 


((cx*y)*z)*xy=ax((y*z) *y), forall z,y,z€ R. 


From Theorem 2.6 and Theorem 3.3 we have (A,+,*) is the smallest SNA Moufang ring. 
Similarly, we can obtain the following result. 
Theorem 3.6. (A,+,*) in Example 1 is the smallest SNA Bol ring. 


The authors wish to express their most sincere appreciation to the referee for his very 
helpful and detailed comments. 
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Abstract For any positive integer n, the Pseudo-Smarandache dual function Z,(n) denotes 
the maximum positive integer m such that cae) divide n. Let n = p{1p5?---p?* denotes 
the factorization of n into prime powers, the Smarandach LCM dual function SL(n) is defined 
as SL(n) = min{p{?, p5?,--- ,p2*}. The main purpose of this paper is using the elementary 
and analytic methods to study the solvability of the equation Z.(n) = SL (n), and give its all 
positive integer solutions. 

Keywords Pseudo-Smarandache dual function, Smarandach dual function, equation, posit- 


ive integer solution. 


81. Introduction and results 


For any positive integer n, the Pseudo-Smarandache dual function, denoted by Z,.(n), is 


defined as the maximum positive integer m such that mam) divide n. That is, 


This function was introduced by J.Sandor in [1], where he studied the elementary properties 
of Z,(n), and obtained a series of interesting results. They are stated as follows: 
Lemma 1. Let qg be a prime such that p = 2q — 1 is a prime too. Then 


Z,(pq) = p- 


Lemma 2. Zee) =k, for any integer k > 1. 
Lemma 3. For any integer a,b > 1, Z,(ab) > max{Z,(a), Z,(b)}. 


Lemma 4. Let p be a prime, then for any integer k > 1, 





2, if p=3; 
Z,(p") = 
1, if p#3. 
Lemma 5. Any solution of the equation Z(n) = Z,(n) is of the form n = ea where 


k > 1 is an integer. 
In reference [2], A.A.K. Majumdar studied the explicit expressions of Z,(2p"), Z,.(3p*), 
Z,(4p*) and Z,(5p*), where p is an odd prime. 
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On the other hand, for any positive integer n, the Smarandache LCM dual function 
SL(n) is defined as follows, SZ(1) = 1, and if n > 1, SL(n) = min{pf",p5?,--- ,pe*}, if 


CY As Ak 
n= Py Po as ‘Pi 
had studied the solvability of the equation S° SL(n) =n, and founded all its positive integer 

dln 


is the prime power factorization of n. About this function, some authors 


solutions (See reference [3]). 
In this paper, we use the elementary methods to study the solvability of the equation 


Z,(n) = SL(n), (1) 


and give its all positive integer solutions. That is, we shall prove the following: 

Theorem. The solutions of the equation (1) can be expressed as: 

1. Let n be an even integer, then n = 2°p"t, where p (p > 3 and (p,t) = 1) is a prime, s,t 
and k are positive integers satisfying the following conditions: 

(a). If p* > 2°, then p*t = 2° + 1, where a is a positive integer and 1 <a<k. 

(b). If p* < 28, then p* = 2°+14 — 1, where is a positive integer and 1 < 8 <s—1. 

2. Let n be an odd integer, then n = 1 or n = p*t, where a and ¢ are positive integers and 
(p* +1) | 2t, p* = 2u —1, where u is a positive integer and u | t, let t=a-b-c,a4#2b—1 or 
a<p*. 


§3. Proof of the theorem 


In this section, we shall prove our theorems directly. 

a. For any even integer n, we discuss the solutions in following several cases: 

(i) Let n = 2%, where s is a positive integer, then from the definition of SL(n), we have 
SL(n) = 2°. According to Lemma 4, we have Z,(2°) = 1. It means that the equation (1) has 
no positive solution when n = 2°. 

(ii) Let n = 2%p", where p is an odd prime, s and k are positive integer. 

(A) If 2° > p*, then SL(n) = p*. Suppose p? is a divisor of p*, where 1 < b < k, we discuss 
p as follows: 

If p> = 2°+1 +1, where 1 <a <s—1, then Z,(n) = 2°71 £ p* = SL(n). 

If p> = 2¢+1 — 1, where 1 < a < s—1, then Z,(n) = 2°41 -1 =p. Let b = k, then 
Z,(n) = SL(n). Otherwise Z,(n) = 14 SL(n). 

(B) If 2° < p*, then SZ(n) = 2°. We discuss p? as follows: 

If p> = 2¢+1 41, where 1 < a < s, then Z,(n) = p? —1 = 2°*!. Let a+1 =, then 
Z,(n) = 2° = SL(n). 

If p> = 2+! _ 1, where 1 <a < ss, then Z,(n) =p? = 2°*1 -1 4 SL(n) = 2°. Otherwise 
Zula) =1 SF Sia). 

(iii) Let n = 2°p*t, where p is an odd prime, s, t and k are positive integer. 

(A) If 2° > p*, where 1 <b < k, then SLZ(n) = p*. We discuss p? as follows: 

If p> = 2°+1441, where 1<a<s—1, then Z,(n) =p? —1= 29414 $ p* = SL(n). 

If p? = 2°+14—1, where 1 <a <s—1, then Z,(n) = 2°+1t-1 = p® = SL(n) while b=k. 

If p’t = 2°+1 41, where 1 <a < s, then Z,(n) = p>t —1 = 2%+1 J y* = SL(n) for any 
positive integer b and t. 
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If p°t = 2°+1 1, where 1 <a < s, then Z,(n) = 2°+! —1 = pt = SL(n), while b = k and 
t=1. Otherwise Z,(n) =1#4 SL(n). 

(B) If 2° < p*, then SZ(n) = 2°. We discuss p? as follows: 

If p? = 2°+14+41, where 1 <a < s, then Z,(n) = p? —1 = 2°+14 = 2° = SL(n), while 
a+1=sandt=1. 

If p® = 2°+14 — 1, where 1 <a < ss, then Z,(n) = 2°*1¢ -1= p? # SL(n). 

If pt = 2°71 41, where 1 < a < s, then Z,(n) = p’t — 1 = 29+! = 2° = SL(n) while 
a+l=s. 

If p’t = 2°+1 —1, where 1 <a< 5s, then Z,(n) = p*t £4 2° = SL(n) for any positive integer 
band t. Otherwise Z,(n) = 14 SL(n). 

(b). For any odd integer n, let n = p*t, p* < t, (p%, t) = 1 where p is an odd prime, a 
and ¢ are positive integer. Let SL(n) = p®. n is a solution of the equation (1) if and only if 
Z,.(n) = p™. 

From the definition of Z,.(n), we have Bert) | p*t, that is (p* + 1) | 2¢. 

(i) If p* = 2u — 1, where u is a positive integer and u | t, then (p* + 1) | 2¢. 

Let t=a-b-c, ifa=2b—1 and a> p%, then Z,(n) =a 4 SL(n). 

Ifa #2b-—1 ora < p®, then SL(n) = p* = Z,(n). 

(ii) If p* A 2u —1, then Z,(n) ¥ p®, therefore there is no solutions in this case. 

This complete the proof of our theorem. 
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Abstract For any positive integer n, the Smarandache Superior Prime Part P,(n) is the 
smallest prime number greater than or equal to n. For any positive integer n > 2, the 
Smarandache Inferior Prime Part p,(n) is the largest prime number less than or equal to 


n. The main purpose of this paper is using the elementary and analytic methods to study 
Kn(n) 
? L,(n) ’ 





the asymptotic properties of (S,(n) — In(n)) (Kn(n) — In(n)), and give several in- 


teresting asymptotic formula for them, where S;,(n) = as P,(n), In(n) = ~ Spon) and 
i=1 


i=1 
1 


n 


Kain) = ($5 Poim))* Ea(n) = (38 poe)) 


Keywords Smarandache superior prime part sequence, Smarandache inferior prime part 


sequence, mean value, asymptotic formula. 


81. Introduction and results 


For any positive integer n > 1, the Smarandache Superior Prime Part P,(n) is the small- 
For example, the first few values of P,(n) are P,(1) = 2,P,(2) = 2,P,(3) = 3,P,(4) = 
5, Po(5) = 5, P)(6) = 7, Pp(7) = 7, P(8) = 11, P,(9) = 11, Pp(10) = 11, Pp(11) = 11, P,(12) = 
13, P)(13) = 13, Pp(14) = 17, P,(15) =17,---. 

For any positive integer n > 2, the Smarandache Inferior Prime Part p,(n) is the largest 


est prime number greater than or equal to n, that P,(n) = min{n|n > p,p is a prime}. 


prime number less than or equal to n, that p,(n) = max{n|n < p,p is a prime}. For example, 
the first few values of p,(n) are pp(2) = 2,pp(3) = 3, pp(4) = 3, pp(5) = 5, pp(6) = 5, pp(7) = 
7, Dp(8) = 7,Pp(9) = 7, Pp(10) = 7, Pp(11) = 11, pp(12) = 11, pp(13) = 13, pp(14) = 13, pp(15) = 
Pos 30 

By the definition of these two series known for any prime g, we have P,(q) = pp(q) = ¢. 
On the sequence {P,(q)} and {p,(q)} of the nature of the study is very significant, because the 
Smarandache prime series and prime number distribution issues are closely linked. 


Now we define 


Sy(n) = [Pp (1) + Py(2) + Pp(8) +--+ Poln)] /n = > Prln), 
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In (1) = [Pp (1) + Pp(2) + pp(3) +--+ poln)] fn = — 9” pon), 





K,,(n) = ¥/ Pol) + Pp(2) + Pp(3) +--+ + Pp(n) = (sm) 


i=l 


1 


n 





L,(n) = «/pp(1) + pp(2) + pp(3) +--+ + pp(n) = (Sn) 


In the book “Only problems, Not solutions” (See reference [1], Problems 39), Professor 
F. Smarandache ask us to study the properties of the sequences {P,(n)} and {p,(n)}. About 
these problems, Scholar Yan Xiaoxia had studied it before and obtained interesting results (see 


reference [5]): 
Sn(n) =1+0 (n*) , and lim Salm) 
In this paper, we use the elementary and analytic methods to study the asymptotic prop- 


Kn : 
erties of (S;,(n) — I,(n)), —— (K,,(n) — L,(n)), and give a shaper asymptotic formula for 
n(n 


it. That is, we shall prove the following conclusion: 
Theorem 1. For ally positive integer n > 1, we have the asymptotic formula 








Su(n)~ In(n) =O (m¥) im “HT — py, im (Su(n) — Jnl) = 1 


5 
n—-00 nis 


where D is computable constant. 
Theorem 2. For ally positive integer n > 1, we have the asymptotic formula 








ss ns im Ka(n) = im n) — n)) = 


§2. Some lemmas 


In order to complete the proof of the theorem, we need the following several lemmas. 
First we have 
Lemma 1. For any real number z > 1, we have the asymptotic formula 


> (Pn+1 — pn)? < piste, 
Pn41 Sx 


where p,, denotes the n-th prime, ¢ denotes any fixed positive number. 
Proof. This is a famous result due to D. R. Heath Brown [3] and [4]. 
Lemma 2. Let x be a positive real number which is large enough, then there must exist 


. 2 
a prime P between x and 7+ 23. 
Proof. For any real number «x which is large enough, let P,, denotes the largest prime with 


P, < «x. Then from Lemma 1, we may immediately deduce that 


(Prat _ Par < iste, 
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or 
2 
Prati-Pr&K x5. 


So there must exist a prime P between x and x + v3. 
This proves Lemma 2. 


Lemma 3. For any real number zx > 1, we have the asymptotic formulas 


S> P,(n) = = +0(x8), 


n<u 


S- pp(n) = ™ +0(c8). 


n<ux 


and 


Proof. We only prove first asymptotic formula, similarly we can deduce the second one. 
Let P;, denotes the k-th prime. Then from the definition of P,(n), we know that for any 
fixed prime P,, there exist P,+1 — P, positive integer n such that P,(n) = P,. 


So we have 


> P,(n) 


S- (Prat — Pn) + Pn 


n<u PrAtse 
1 1 
-? 9 S- (Pri — Pa) — 5 > (Pata — Pn)? 
Pr41S% Pn4i<a 
1 1 
= xP (a) - 2-5 » Gaa= hy (1) 
Pr4iSu 


where P(x) denotes the largest prime such that P(x) < a. 


From Lemma 2, we know that 





P(a) =2+23+O(l1). (2) 
Now from (1), (2) and Lemma 1, we may immediately deduce that 
1 5 
S- P(t) = 5 +23 4+23+0 (1) +0 (xi8**) 
n<ux 
- 1 +O (x!) 
5 . 


This proves the first asymptotic formula of Lemma 3. 
The second asymptotic formula follows from Lemma 1, Lemma 2 and the identity 


S- pp(n) S- (Pa4i— Pn)- Pn 


n<ax Pr4ida 


Pr4ic@ 
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§3. Proofs of the theorem 


In this section, we shall complete the proof of Theorem 1 and Theorem 2. 
Proof of Theorem 1. In fact, for any positive integer n > 1, from Lemma 3 and the 


definition of S,,(m) and I,,(n), let n = x, we have 


Sain) = = (D> Pol) 


n<ux 


1 5 4 2 
(50 +23+23+0(1)+O (<#*)) 


Nl Sle 


nt+ni +n +0 (ni), 


Inn) = = ( Sppln) 


1 5 4 23 
(50 +23 +23+O(1)+0O (<#+) 


1 
n 
1 2 1 Bly 
grins + n3 +0 (n® ) ; 
S;(n) — I,(n) = O (ni) . 
We may immediately deduce that 
_ Sn(n) — In(n) 
lim ————— = 
n—0o nis n—-00 
where D is computable constant. 
This completes the proof of Theorem 1. 
Proof of Theorem 2. For any positive integer n > 1, from Lemma 3 and the definition 


of K,,(n) and L,(n) we have 














K n(n) = ¥/Pp(1) + Pp(2) + Py(3) +--+ + Py(n) = (G2? +0(##))", (3) 
Ln(n) = §/pp(1) + Pp(2) + pp(3) +--+ + Pp(n) = (52 Oo (<4)) : (4) 


Combining (3) and (4), we have 





a 5a* +O x : aes <i 
eo 4 =(1+0(« *)) =14+0(« *). 


Kn 
Therefore lim a 
noo Lin\l 
In addition, now note that lim K,,(n)=1, lim L,(n) = 1, we have 


rR, 








=1. 


lim (Ky,(n) — Ly(n)) = 0. 


nm—oo 


This completes the proof of Theorem 2. 
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Abstract Ito [18] provide representations of strongly connected automata by group-matrix 
type automata. This shows the close connection between strongly connected automata and 
its automorphism groups. In this paper we study cyclic commutative asynchronous automata. 
Some properties on endomorphism monoids of cyclic commutative asynchronous automata are 
given. Also, the representations of this kind of automata are provided by S-automata. 

Keywords Endomorphism monoid, commute asynchronous automata, representation, semi- 


lattice-type automata. 


§1. Introduction and preliminaries 


Automata considered in this paper will be always automata without outputs. That is to 
say, an automaton A = (A,X, 6) consists of the following data: 

(1) A is a finite nonempty set, called a state set; 

(2) X is a finite nonempty set, called an alphabet; 

(3) 6 is a function, called a state transition function from A x X into A. 

Let X* denote the free monoid generated by X. An element of X* is called a word over X 
and ¢ is called the empty word. The state transition function can be extended to the function 
from A x X* to A by 

(1) 6(a,¢) =a for any a € A; 

(2) 6(a, zu) = 6(d(a, x), u) for any ae Aja © X and uc X*. 

Let A = (A,X,6) and B = (B,X,7) be automata and let p be a mapping from A into 
B. If p(d(a,x)) = y(p(a), xz) holds for any a € A and x € X, then p is called a homomorphism 
from A into B. If a homomorphism p is bijective, then p is called an isomorphism. If there 
exists an isomorphism from A onto B, then Aand B are said to be isomorphic to each other 
and denoted by A =~ B. Moreover, a homomorphism (an isomorphism) from A onto A is 
called an endomorphism ( an automorphism) of A. It is clear that E(A)(G(A)) of all endo- 
morphisms (automorphisms) of A forms a monoid (group) on the usually composition, called 
the endomorphism monoid (automorphism group) of A. 

The study of endomorphism monoids and automorphism groups of automata was started 
by [7] and [23] and followed by [8], [24], [1], [22], [4], [3], [2], [21] and [20]. 
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An automaton A = (A, X,6) is a strongly connected automaton if for any pair of states 
a,b € A there exist an element u € X* such that d(a,u) = b. Fleck [7] proved that if A = 
(A, X, 0) is a strongly connected automaton, then E(A) = G(A) and | G(A) | divides | A | 
(for more results on automorphism group of strongly connected automata refer to [7] and [8]). 
Following Fleck’s work, Ito [15] introduced and studied so called group-matrix type automata of 
order n on a group G. It is showed that for a strongly connected automata A = (A, X, 6), there 
exists a group-matrix type automaton A’ = (G(A)n, X, dw) of order n on automorphism group 
G(A) such that A’ = A (refer to [15-18] or [19], for more details). This give representation of 
strongly connected automata by group-matrix type automata. 


As a counterpart, we want to study the automata whose endomorphism monoid are semilat- 
tices and to give representation of this kind of automata by so-called semilattice type automata. 


We focus on cyclic commutative asynchronous automata and their endomorphism monoids. 


An automaton A = (A,X,6) is said to be commutative if d(a,uv) = d(a,vu) for any 
a € Aand any u,v € X*. An automaton A = (A,X,6) is an asynchronous automaton if 
d(a, 2x) = 0(a,x) for any a € A and any x € X*. A commutative asynchronous automaton 
means a commutative and asynchronous automaton. For more information on commutative 
automata and asynchronous automata, refer to [12-15]. 


Let A = (A, X,6) be an automaton. A state g in A is called a generator of A (see, [20]) 
if for any a € A, there exists x € X* such that 6(g,2) = a. The set of all generators of A is 
denoted by Gen(A). An automaton is said to be cyclic if Gen(A) 4 @. A cyclic commutative 
asynchronous automaton means a cyclic and commutative asynchronous automaton. The class 
of all cyclic commutative asynchronous automata is denoted by CC AA. 


In Section 2 we study the generator of automata in CCAA. We conclude that an automaton 
in CCAA has unique generator. In Section 3 we study endomorphism monoids of automata in 
CCAA. In Section 4 we give a representation of an automata in CCAA by S-automata. 


For undefined notions and notations concerning automata we refer to [9] and [19]. 


§2. Generator of automata in CCAA 


Recall the following notations. For w € X*, write | w | for the length of w and Con(w) for 
the content of w. Also, | w |, denote the number of occurrences of x in w (refer to [9]). In this 


section we will study commutative asynchronous automata. 


Lemma 2.1. Let A = (A, X,6) be a commutative asynchronous automaton and let a, b 
be a pair of states in A. If there exist a word w € X* such that 6(a,w) = b, then 6(a,x) = b 
for any x € Con(w) and so 6(b, w) = b. 


Proof. Let A = (A,X,6) be a commutative asynchronous automaton and let a,b be a 
pair of states in A. Suppose that there exists a word w € X* such that 6(a,w) = b. Without 
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lose of generality, assume that w = x1 %2x%3. Then we have 


a,w) = 0(a, 212223) 


( 
G, £12322) (since A is commutative) 
) 


5 
d(a, 
6(3( 
= 6((a, 2123), £3) (since A is asynchronous) 
6(4( 
5( 


This implies that 6(b, 22) = b. Similarly, we can show that 6(b,x,) = 6(b,23) = b. That is to 
say, O(a, xz) = b for any x € Con(w). Hence, it immediately follows that 6(b, w) = b. 

Lemma 2.2. Let A = (A, X,6) be a commutative asynchronous automaton and let a, b 
be a pair of states in A. If d(a,u) = b and 6(b,v) = a for some u,v € X*, then a = b. 

Proof. Let A = (A, X,6) be a commutative asynchronous automaton and let a, b be a 
pair of states in A. Suppose that d(a,u) = b and 6(b,v) = a for some u,v € X*. Then it 
immediately follows from Lemma 1 that 6(a,v) = a. Hence, we have 


a = 0(b,v) = 6(d(a, u), v) = 6(a, wv) = O(a, vu) = 6(4(a, v), u) = O(a, u) = b. 


This shows that a = b. 

The above Lemma 2 shows that a commutative asynchronous automaton (A, X,6) must 
not be a strongly connected automaton, except for |A| = 1. 

For an automaton A = (A, X,0) in CCAA, It is true that A have unique generator. In 
fact, if g, h be generators of A, then there exist u,u € X* such that 6(g,u) = h and 6(h, v) = g. 
Thus it follows from Lemma 2 that g = h. We have shown 

Proposition 2.3. Let A = (A,X,6) be an automaton in CCAA. Then A have unique 


generator. 


§3. The endomorphism monoids of automata in CCAA 


The following give some properties of an endomorphism of automaton A in CC AA. 

Given A € CCAA. In order to give the characterizations of the endomorphism monoid of 
automaton A, the characteristic monoid C(A) of automaton A is needed (see, [6]). Let % denote 
the set {y € X*|(Va € A)d(a,x) = d(a,y)} for any « € X* and C(A) the set {% | « € X*}. 
Then C(A) is a monoid under the operation defined by <7 = ZY. It is called the characteristic 
monoid C(A) of automaton A. 

Lemma 3.1.!°] If A = (A, X,5) € CCAA, then 

(i) B(A) = C(A); 

(ii) | B(A) [=| Al. 

Let A = (A,X,6) be a commutative asynchronous automaton. For any u € X™*, define 
mapping A, from A into A as follows: 


a if u=e, 


Au(a) = : 
d(a,z) if we At(= A* \ {e}). 
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By A(X*), we denote the set {A, | ue X*}. 

Proposition 3.2. If A = (A, X,6) € CCAA, then 

(i) A(X*) is a commutative idempotent monoid under the usual composition; 

(ii) E(A) = A(x); 

(iii) (Z(A), X) is a complete lattice, where x is the natural partial order on the endomor- 
phism monoid F(A). 

Proof. To prove part (i), notice that for any Ay, Av € A(X*) and any a € A, we have 


Au 0 Ay(a) = 6(a, vu) = 0(a, uv) = Ay 0 Au (A) = Auv- 


Also, it is easy to verify that Ay(AyvAw) = (AuAv)Aw and AyAz = Ay hold for any u,v,w € X*. 
Then A(X*) form a monoid under the usual composition and A, is the identity. Now, we prove 
that ,,” = A,. Since A is an asynchronous automaton, ,,7(a) = 6(a,uu) = 6(a,u) = Ax(a) 
hold for any a € A. Then A(X™*) is a commutative idempotent monoid. 

To prove part (iz), notice that it is a rutin matter to verify that C(A) = A(X*). From 
Lemma 3 (2) it follows E(A) = A(X*). Now, it is enough to show that A(X*) C E(A). For 
any Ay, € A(X*), « © X and any a € A, we have 


Au(d(a,x)) = 6(d(a, x), u) = O(a, cu) = d(a,ux) = 6(d(a, u), 2) = (Ay (a)). 


that is to say, Ay € E(A) and hence A(X*) C F(A). Therefore, F(A) = A(X*). 

To show part (ii), we know form part (7) and (27) that E(A) is a commutative monoid 
of idempotents. Then (£(A),~<) is a meet semilattice, where < is the natural partial order 
defined in [10], as follows: 





(Vp,0 € E(A))p Xo = pow =o0p=p. 





Then, we prove that (F(A), ~<) is a lattice. Since the identity mapping \- € E(A) and 
Ae0p =por. =p, then p x Xz for any p € E(A). Therefore, A- be the top element [5] in the 
meet semilattice (H(A), x). Also, we have following truthes: For any p,a0 € E(A) the greatest 
lower bond of p and o is poo; E(A) is finite. By Theorem 2.16 in [5], (Z(A), x) is a complete 


lattice. 


§4. S-automata 


In order to provide a representation of automata in CC.AA, we introduce S-automaton. 

Definition 4.1. Let (S,<) be a finite meet semilattice. An automaton S = (S,X, d,) is 
called a S-automaton, if the following conditions are satisfied 

(1) S is the set of states; 

(2) X is a set of inputs; 

(3) dy, is a state transition function which is defined by 6,(s,x) = s A v(x), where s € S, 
x € X and y is a mapping from X into S. 

Since X* is the free semigroup on X, the mapping y in the above definition can be extend 
to a homomorphism from semigroup X* into semigroup (5, /) as follows: 


(Va € X,Vu € Xt)yp(ru) = v(x) A v(u). 
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It is easy to verify that a S-automaton is a commutative asynchronous automaton. 
Let A = (A, X,6) be an automaton in CCAA and g be the unique generator of A. From 
Proposition 2 (ii), A(X*) = E(A). Define a mapping y from X* into A(X*): 


(Vu € X*)p(u) = Au. 


We can easily verify that y is a homomorphism from the free monoid X* into E(A). Further- 
more, let S = E(A). By Definition 1, (E(A), X, 6.) is a S-automaton. 
Define a mapping 0 form A onto E(A): 


(Va € A)O@(a) = rx, where d(g, u) = a. 


From Lemma 1, we know that for any a € A there exists only one word u € X* such that 
d(g,u) =a. So, @ is well defined. Also, it is easy to verify that 0 is bijective. 

Now, we will prove that # is a homomorphism from A into ((£(A), X,6,) for any a € A 
and any z € X, ie., 6(d(a,z)) = 6,(6(a),z). Suppose now a € A and d(g,u) = a for some 
u € X*. On one hand, for any b € A we have 


(0(0(a, a)))(b) = (A(6(4(9, u), #)))(b) = (A(5(g, wa)))(b) = Aua(0); 


On the other hand, 


(5,(A(a), x)) (0) bp(Aus t))(b) = (Au A 9(@)) (0) 
Au A Ax)(b) = (Au © Az)(8) 


= run(b). 


= 
= 


This implies that 0(d(a,7)) = 6,(@(a),x) and hence @ is a homomorphism. Therefore, A = 
(Q(A), X, dy). 

Thus, we have proved 

Theorem 4.2. Let A = (A, X,6) be an automaton in CCAA and let S be a semilattice 
such that S = F(A). Then A is isomorphic to some S-automaton. 
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Partial Lagrangian and conservation laws for 
the perturbed Boussinesq partial differential 


equation ! 
Huan He and Qiuhong Zhao 


Department of Mathematics, Northwest University, Xi’an, 
Shaanxi, P.R.China 


Abstract In this paper, the partial Lagrangian approach is developed to construct conserva- 
tion laws for some perturbed partial differential equations. Using that approach, approximate 


conservation laws for the perturbed Boussinesq equation. 


Keywords Perturbed partial differential equation, partial Lagrangian, conservation law. 


81. Introduction 


There are a number of equations with relatively small parameters or perturbed equations 
arising from mathematics, physics and other applied fields. To solve such problem approxi- 
mately or to construct an approximation of it gave rise to the perturbation method as well as 
approximate symmetry method. The two methods have grown up together, whose combination 
greatly extends the scope and depth of both methods in themselves. This includes their effective 
use in constructing approximate symmetries and approximate conservation laws for perturbed 
partial differential equations (PDEs). 

On the study of perturbed PDEs, in [1], approximate conservation laws were introduced via 
the approximate Noether symmetries associated with a Lagrangian of the perturbed equation. 
The relationship between symmetries and conservation laws was elaborated in [2]. In [3]-[4], 
it was shown that approximate Lie-Backlund symmetries and approximate conserved vectors 
can be utilized to construct approximate Lagrangians, and thereupon approximate Noether 
symmetries and new associated conservation laws for perturbed equations can be constructed 
by using the Lagrangians. In [5], a basis of approximate conservation laws for perturbed PDEs 
was discussed. In [6], how to construct conservation laws of Euler-Lagrange-type equations 
via Noether-type symmetry operators associated with partial Lagrangians was shown. In [7], 
Johnpillai et al found an effective way to construct approximate conservation laws of per- 
turbed equations via approximate Nother-type symmetry operators associated with partial 
Lagrangians. Recently, we gave an exact definition of partial Lagrangian and partial Euler- 
Lagrange-type equation in [8] to clarify Definition 6 in [7] which is actually the approximate 
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Lagrangian, and applied the approach of approximate Noether-type symmetry operators asso- 
ciated with partial Lagrangians to the nonlinear wave equation with damping and obtained its 
approximate conserved vectors and approximate conservation laws in general form. 

In this paper, we intend to discuss the approximate conservation laws for the perturbed 
Boussinesq equation with weak damping in terms of our new definition of partial Lagrangian 
and partial Euler-Lagrange-type equation. 


One form of the perturbed Boussinesq equation takes |! 
Ute + (u?) oa + Uren = €(a(u)uy + B(u)), 


where u = u(z,t), a(u) and 3(u) are arbitrary functions, n is any positive integer, € is a small 


parameter. Specially, when ¢€ = 0, it degenerates into the Boussinesq equation 


Ute + (u?) om + Urrar = 0. 


§2. Approximate conversation laws for the perturbed Boussi- 


nesq equation 


In the following, as applications of the theory presented in [8], we characterize approximate 
conserved vectors and conservation laws of the perturbed Boussinesq equation with weak damp- 


ing via approximate Noether-type symmetry operators associated with partial Lagrangians. 
Ute + (u? om + Urere = e(a(u)uz + B(u)). (1) 


We distinguish the following cases according to the choice of n. 


Case 1. n=1. Eq. (1) becomes 


1 1 
Eq. (2) admits a partial Lagrangian L = 5 ut 5 Ua 





1 
uu + 5 Ue: Thus the partial Euler- 
Lagrange-type equation is 


OL 
— = €(a(u)ux + B(u)) — ui. 
ou 

Using Eq. in [8], for 7 = 1,2, k = 1, we have 


(Xo + eXi)L + D,(é + e€é)L 








= [(no — Sug) + €(m — Ef us)]e(a(u)ua + B(u)) — uz] + Di(Bo + €Bi), (3) 
where 
Xo + €X1 = (6 + eye + (6 + ee + (m0 + €m) < + Go = +4 =~ HC a (4) 
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and 
Go = Not + Moule — (Ede + Souter) Ue — (Ebr + butte) Ur — [mie + mutes 
— (Ele + Ely teu — (Ei, + Gly tler) Ue — Ef uae — Een] + (Ej une + Puen), (5) 
G1 = Nox + Toute (ene EGU) Ut _ (654 ap Citta, the _ €[N1a + Mute 
Cu = Nore + Norute 4 (Noxu Nowutle )Ux + NOutex — ene + fru tle 





(E0nu + dunt) Ue + EGutere) te — 2(Eoe + Edutr) tet — [Ona + Saute 

(Seu + buute) Ua + Eyton) te — 2(EGy, + &,,te) Ure + €(E{Unet +f Unee) 
+e{moe + Maule + (Mau + Muute)Ue + Muller — (Eler + Gaulle 

+(Elou + Stuutle) Uae + fy tenlue — 2(Efe + Efutle Ute — EtUent — (fee + outer 


(a Cua te Ae Gi ites Ur — 2(é7, + Er ile Vitae = erie (7) 


Now Eq. (3) turns to be 























Mots, — emus — Cote + (1+ 2u)yue + Citice 


LEO + Soule + €(Ete + tute)| + LlEbe + Eun + (Ete + Guter)] 
= [no — hut — Ex + €(m — Epur — Efue)][e(a(u)ux + B(u)) — uz] 
+e(Bi, + Bi, ut) + (Bi, + Bite) + Boy + Bouts + Boz + Bouter (8) 




















Substituting expressions of L, Co, (1 and C11 into Eq. (8) and setting e? = 0, then equating the 
coefficients of zeroth- and first-order of € including the coefficients of different orders of partial 
derivatives of u in that to zero, after simplification, we have the following system of determining 
equations: 





£4 é3 Tou Nowa 0, —Tot — Baw = 0, 











& &? Mu = Maa 0, —mst- Bie = 0, 
— Bj, — B?, — B(u)no =0, —(1+ 2u)m, — B?, — a(u)no = 0. (9) 


Solving system (9) results in: 
Case 1.1. 3 (u) 40. We have 





= = = =m =, m= (aat+e)atest+ca, By = 93(t,2), 








Be = go(t, x), Bi = —(cya@ + ¢3)u+ gi(t, 2), Be = —u(1+u)(cqt+ ce) + galt, 2). 


Thus, an approximate Noether-type symmetry operator for Eq. (2) reads: 








X= X+eX, =E([(t+c)x+cst4 ca] 5 . 


The corresponding approximate conserved vector is obtained by Eq. 


. OL oL 
Ti = Bi Le Des — 
BLE We 2 Dans M5 


Ou; 
s>1 


Of) tech, (10) 
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in [8] as 
T' = {-(qyatcg)ut [(evt + co)x + cgt + caluz + gilt, 2) }e + gs(t, 2), 
T? = {(ug + Qute + User) (ert + c2)2 + cgt + ca] — (u? + ut Use) (crt + c2) 


+ga(t, x) fe + galt, x), 


and the approximate conservation law for Eq. (2) is 


(DT! + DzT”)|gq.(2) = [a(u)uc + B(u)][(cit + c2)a + c3t + cale? = O(€?). 


Where c; (¢ € Z) are arbitrary constants and the functions g; = gi(t,x) (i € Z) satisfy the 
PDEs: gae+ 91 =9, 92,0 + 93,1 = 9. 
Case 1.2. 3" (u) = 0. 


Case 1.2.1. ('(u) £0, a'(u) =0. We have 








6 = =& =] =0, m = (cot + 1) + cat +5, B(u) =cyu+c2, a(u) = cs, 





1 1 
ee [e1 (cer + ca) — gee] 2 + 5 [er (e7@ + ¢5) — c3c7] t? + (ega + cio)t + cox + C11, 


Bo = —(cer + c4)u + ha(t,x), Bo = —u(1 + u)(cet + c7) + halt, 2), 











1 
Bi= ~ {5levtcae + 4) — c3cg|t? + c1(c7@ + c5)t + cga 4 coh ut halt), 








1 1 
B? = —u(1 + u) (Gere | sciert™ + cgt 4 cs) €3[(cgx + c4)t + c7u + c5]u + ha(t, x). 
Thus, we obtain the following approximate Noether-type symmetry operator for Eq. (2) 


3) 
X = [(cet + cr)a t+ cat + cla, 





1 1 0 
se Flex( cae +) ~ excel + 5 leiler@ + es) — eser]é? + (cga@ + Cio)t + cox 4 on} Da? 


and the following approximate conserved vector 
1 1 2 1 
T = 3 (cae6 — crca)é + (€3C7 — C1C5)t 5 cit(cst + ¢7) + cg) &@—cyo| u 
1 ie a ae oe 
+ g (crea — cace)é + 3 (Cres — caer)t gcicet 5cuert Legt+cg}2 


+cyot + ci] te + hi (t,x) } € — (cea + ca)u t+ [(cet + c7)u + cat + c5]ue + h3(t, x), 


1 1 
T = {| gleolere — en) + e1c4)t? + 5 ler(erx c3) + c1¢5)t? + (cg + c10)t 




















1 1 
+c9X + C11] (Ue + 2UUe + Urner) (Geveut acucrt” cgt 4 cv) 





x(u? + ut Uex) —¢3[(eet + c7)a + cat + c5]ut ha(t,x)}€ 





Eq. (2) is reduced to 


Ute + (U) ee + Uncen = €(C3Ux + C1U + C2), (11) 
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then the approximate conservation law for Eq. (11) reads 


(D.T? + DzT)|gq.(11) 





1 1 

= {glealcoa + 4) — eget? + glerlera + C5) — e3¢7]t? + (cg + cio)t + cox 4 eu} 
x (Cgtz + cut c2)e? = O(e*). 

Where c; (i € Z) are arbitrary constants and functions h; = h,(t, x) (i € Z) satisfy the PDEs: 


hoe + h3t = 0, hit + hae + c2[(cot + c7)x + cat + C5] = 0. 
Case 1.2.2. 3'(u) £0, a'(u) £0. We have 








& & & G 0, To c3t + C4, Bi = —C3U + fa(t, 2), 








1 
m= gout” 5cicat + (crx + c7)t + cot +8, Be = fo(t, x), 





1 
Bi = (Gere? + cycat + C5x 4 cr) ut fi(t, 2), 





B? = —(est + cg)(u t+ u?) — (cst 4 as) | a(z)dz+ fa(t, x). 
Thus, we obtain the following approximate Noether-type symmetry operator for Eq. (2): 


0 


1 1 0 
X = (cst 4 ca) 5 + € | euet® | acicat™ + (C5 + C7)t + cgx 4 c| 


Ou 





The approximate conserved vector corresponding to the operator 1% is 


1 1 
T' = |(jaae + (esx + c7)t + cox 4 cs) Ut (Gee? + €1C4t 4 a) | tt.«) € 


+(c3t + c4)Uuz — cg3u+ f(t, 2), 

















1 1 
T = (Face | 5 cicat” + (c5x + c7)t + cea 4 ex) (Ua + 2uus + Ure) 
( 


cst + cg)(u“ + U+ Use) — (est 4 a) f a(z)de + f(t) € 


+(ce3t + C4) (Ua + 2UUe + Urner) + fo(t, x). 








Then Eq. (2) becomes 


Ut + (U7 )er + Une = €(a(U)Ug + cu + C2), (12) 
and the approximate conservation law for Eq. (12) reads 


(D:T* + DeT*)|Bq.(12) 





1 
= qcicat | scucat™ + (e5a + c7)t + cer + cg| (a(u)ue + cu + c2)e? = O(e’). 


Where c;(7 € Z) are arbitrary constants and f; = fi(t,x) (¢ © Z) are functions satisfying 





foe t fae =O, fiat Jae beolest tea) = 0. 
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1 
Case 2. n > 1. Eq. (1) has a partial Lagrangian L = 5 ut 5 Ue uu + —u2,. The 
partial Euler-Lagrange-type equation is 
OL 
Fo = ea(u)ul! + B(u)) ~ w2. 
Using Eq. in [8], for i = 1,2, k = 1, we have 
otek h+ Dil pee L 
= [(n0 — uj) + €(m — E{us)][e(a(u)uz + B(u)) — uz] + Di(Bo + Bi), (13) 





where Xo + €X1, Go, ¢1 and ¢1; are defined by formulae (4)-(7) respectively. 

Substitution of the known expressions into Eq. (13) and expansion of it, then the vanishing 
of the coefficients of zeroth- and first-order of € as well as the coefficients of different orders of 
partial derivatives of u in that to zero, after simplification, we arrive at the following system of 


determining equations: 








fp op en = ee = = Sh ee =, 

—na(u) =0, —nor — Bj, =0, —Bg, — BZ, =0, 

—(1+ 2u)no«x — Boy =9, me - Bi, = 9, 
—(1+2u)me — Bi, =0, —Bi, — B(u)no — By, = 0. (14) 


To solve system (14), we distinguish the following two cases. 
Case 2.1. a(u) 40. We get the following solution to system (14): 








G=G§=&=G=m=0, ma(at+ea)rt+est+cr, Bo =galt,2), 
B? = go(t,2), Bit=—(cax+c3)ut+ ga(t,x), B?=—u(1+u)(cat+ co) + g(t, 2). 
Thus, we have the following approximate Noether-type symmetry operator of Eq. (1) 


0 
Ou 





X = el(cit + ca)a + c3t + ca] 


The approximate conserved vector corresponding to the operator ¥ by formulae (10) is 





T! = {-(cqyx+c3)u+ [(erx + c3)t + cot + caluz + a(t, x) }e + galt, 2), 


T* = {[(eqe + c3)t + cox + ca] (te + 2utz + Use) — (crt + c2)(u? + u+ Uge) 


+ai(t, xr) fe oT galt, x), 





and the approximate conservation law for Eq. (1) reads 


(D:T* + DzT*)|Bq.(1) 
= [(cyz +c3)t + cot + c4][a(u)u® + B(u)|e? = O(e?). 


Where c; (¢ € Z) are arbitrary constants and g; = g;(t,x) (i € Z) are functions satisfying 


92,x + 94.t = 0, Jia + 93,t = 0. 
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Case 2.2. a(u) = 0. We have the following solution to system (14): 
B(u)=cutes, a(u)=0, == =E=0, mo = (cox +cat + cee + ca, 
m= (c5a + c3)t? 4 (cet + c4)t" + (cox + c7)t + cip% + cg, 
Bo = —(esz +¢3)ut+ fault,z), Be = —u(1+u)(est + cg) + fo(t, 2), 
1 1 
By = 5 C1 (cox c3)t" + cr (cea + c4)t + cot + fa(t, 2) 
2 1 3,1 2 
By =-u(1+u) gcrcet | 5 c1cet + cgt + Cio } + fit, 2). 
Thus, an approximate Noether-type symmetry operator for Eq. (1) yields: 
X = [(cse+ea)t JF +€| Zex(ese +0a)t° 
= c5x + C + cg6v+c¢ + é€}—cC1(c5r + C¢ 
5 3 6 ala Gores 3 
1 0 
+—e1(cgx + c4)t? + (cox + c7)t + c10x + cg ; 
2 Ou 
The approximate conserved vector of Eq. (1) is given by 
1 1 3,1 2 
T- = c1(c5@ + c3)t? 4 5 Cr (con + c4)t" + (cow + c7)t + ciox + cg] wu 
be 1(€5x + c3)t? + c1(cgx + c4)t + cox + a| u+ fa(t.a)} € 
c3)t + ceux + calut — (C5@ + c3)u+ fat, 2), 
1 1 
T? {fac (cs + €3)t? 4 501 (Con + c4)t? + (cgt + c7)t + ciox 4 | (Ux + 2uuz + Urea) 








Ge cyst? t sc1cot? + cgt 4 a) (u? +ut use) + fi(ta)} 





+ c3)t + cox + C4](Ux + 2uuy + Uren) — (cst + cg) (u* + u + Ure) + fo(t, x). 


Then Eq. (1) becomes 





Ure + 2u2 + Qutice + Uren = (cu + ca), 
and the approximate conservation law for Eq. (15) is 


(D,T' ae DzT”)|gq.(15) 





1 1 
= (cyut ce) g ci (ese + ¢3)t? 4 5 C1 (con + c4)t? + (cox + c7)t + exon + cg] € 


= Ofc"). 


Where c; (i € Z) are arbitrary constants and f; = fi(t,x) (¢ © Z) are functions satisfying 





foe + fat =9, fia + fae + col(esx + €3)t + cox + c4] = 0. 


(15) 
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§3. Concluding remarks 


In terms of our exact definition on the concepts of partial Lagrangian and partial Euler- 
Lagrange-type equation, the approximate conservation laws for the perturbed Boussinesq equa- 
tionwith weak damping have been derived via the partial Lagrangian approach. 

It comes to light that as the order of the perturbed PDE increases its corresponding 
partial Lagrangian gets more complicated, so only first-order Lagrangian was involved in other 
literature up to date. A partial Lagrangian for one perturbed PDE may not exist or exist 
but is not unique. How to determine it and forge links between them? The construction of 
conservation laws for higher-order perturbed PDEs remains also a problem to be explored. 
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Some formulate for the Fibonacci 
and Lucas numbers 
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Abstract This paper mainly study some identities involving Fibonacci and Lucas num- 


bers of interest. By using the properties of Chebyshev polynomials and combining 
d-1 


the elementary and combinatorial method, we establish identities that Sle; 


j=0 
d—1 d-1 


d-1 
S- Lntjlm+je", oD Pn +5 FP nati lngtss and >. Lin, +5 Lng4+jlng+5- These identities are ex- 
j=0 j=0 j=0 
d-1 d-1 
tensions of 2 Fn4jFm+j and > Im+jlm-+j which have been proved by Brian Curtin before. 
j=0 j=0 


Keywords Fibonacci numbers, Lucas numbers, Chebyshev polynomials. 


81. Introduction 


Let n € N, the Fibonacci sequence {F,,} and the Lucas sequence {L,,} have attracted 
the attention of professional as well as amateur mathematicians, and play an important role 
in many fields of mathematics. Also there exist many identities involving these sequences of 
interest. See reference [1] for a good summary. Now we turn to the Chebyshev polynomials of 
the first and second kind T,,(x) and U,,(x)(n = 0,1,---) which are given by 


na=* [(2 4+ Ja? —1)" + (a — Vax? — 1") , |el <i: (1) 


2 


U(x) (e+ Ve? 1)" _ (¢ — 2? aaa jz} <1. (2) 





1 
~ O/ ge? —J 


In 2007, Ma and Zhang [3] showed two nice connections between the Cheyshev polynomials 
and Fibonacci sequence and Lucas sequence, respectively. That is, let i be the square root of 
—1, mand n be any positive integers, then we have the identities 


Inspired by the work of professor Zhang Wenpeng, in this paper, we establish some com- 
binational identities involving the Fibonacci and Lucas numbers, which continue the work of 


Brian Curtin [4] in a different way. 
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§2. Preparations for the proofs of the theorems 


Firstly we note that there are following nice connections between Fibonacci and Lucas 


numbers (see [1]). 


Linn = m—1Lin + Fnotin4i, 
In—m = (-1)™(Pingiln — Frln+1); 


Frtn t+ Frlm = 2Faams 
Pylm — FinIn = 2(-1)"Frem 


LyLim = Lntm + eS ae eee’ (6) 
SF nlm = Lintm c= (-1)™Ln—m- 


On the other hand, as to the two kinds of Chebyshev polynomials, we introduce a group 
of formulas which are useful later, when we deal with the main results in this paper. 


Lemma 2.1. For all positive integers n and m, 
Trt m(£) = Tr(2)Um(&) — Tr-1(2)Um—-1(2); (7) 
Un+m(£) = Un(%)Tm(&) + Tn41(@)Um—1(2). (8) 


Proof. To make the situation quite clear, we denote A = 7+-/x? — 1, and B= 27-vVx? —- 1. 
Hence from (1.1) and (1.2), the terms on the right-hand side of the identity (2.4) can be written 


Tn(@)Um(@) — Tn—1(@)Um_1(2) 





Z n nm m m n— nm m m 
1 1 1 1 
SS =  |A A= Sj Sarre = Aner Been CA = B 
ee | (A- 4) (B- 3) Jat! ) ) 
1 n+m n+m 
~ 5 (A rede ) = Th4m(2). 


This proves identity (2.4). In fact, the equation (2.5) is also easily to be proved in the same 
way. Moreover, from lemma we will say more. Let x = 4, then using identities (1.3), (2.4) and 
(2.5), we can have 


qntm n+m gutm—2 











3 Ln+m =+ 5) Fy—-iln = 2 Fyylnit3 
“dd gntm-1 grtm-1 (9) 
a Enam _ 5) Fin ln 5} FyLm- 





That is 


Ln+m = m—1Ln + Fyln+13 
Fa tim = Fnln 7 FyLm- 


(10) 


These formulas have been mentioned above, as a problem to be proved in reference [1], but the 
method used here is different and more simple. 
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§3. Some summations for Fibonacci and Lucas numbers 


In this section, we will introduce you some summation involving Fibonacci and Lucas 
numbers. 


Theorem 3.1. For positive integers d,m,n, and real numbers x 4 —1, 





d—1 d 
: x 
Fy Fm c= SS Lin+tm — — In m 7 Ln m— Ln+tm 
by +h mtju Ba? ant) +m+2d—2 +m-+42d — ELn+m-2 + Ln+m) 
bas 
Bag Dinan 11 
yD 5(x + 1) (11) 
d—1 gt 
Ln jm j fe os Ln m _ — Ly m = Ln m— + Ln m 
» +jLm+jt ~uo3epi” +m42d—2 +m42d — CLn4m—2 +m) 
b= (-1)* 
Se) Dis 12 
+ (-P (12) 
d-1 
Proof. According to the identity (1.5), we set P(w,y) = ) (—2)?Un+;-1(y)Um4+;-1(y), 
j=0 


for real numbers x and complex numbers y. So that if y= 4, we can obtain 


a 
2 





= @-.l i 
dfs _ are («. 5) ‘ (13) 
Now we use (2.5) to write 
d-1 
P(z,y) = —) (-#)! Un-1(y)Tj(y) + Ta (y)Uj-1(y)) Um—1(y) Tj (y) + Tn (y)U5-1(y)) 
j=0 


= —Un-1(y)Um-1(y)Mi(z, y) — (Gn-1(y)Tm(y) + Um—-1(y) Tn (y)) Ma(z, y) 
—Tr(y)Tm(y)M3(z, y), 





d-1 d-1 
where My(x,y) = )_(—2)’T}(y), Ma(x,y) = )_(—2)Tj(y)Uj-1(y), and Ms(z, y) 
j=0 j=0 
d—1 
= (—)/U?_1(y). Because of formulas (1.3) 
j=0 
veg Pes jr Ee FM : mi” (FAL + Ln Fim) M: : aie Dy M: : 
5 =1 nl mtVey aa 2 nm nim 2 5 4 mHntVl3 2x5 7 


Then combining (3.3) 


d-1 ‘ ; i 
| 1 
S> Faty Fintj2) = FrF mM («. 5) — (Fb + Lm Fm) Mz («. 5) et FM I! («. 5) (14) 
7 
j=0 
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From above, it suffice to compute M, (a, 4), M2 @, 4), and M3 (a, 4), respectively. However 
by using (1.1) and if « 4 —-1, 


: d-1 
u ay) if A2z 25 
M, («. 5) a (—a)7(A J +2+8B J) 


j=0 





1 | Se ee of wel, Cae 41 
4| -—2A2?-1 °" -g-1  =-2zB?-1 

1 [ (—ax)¢+1 A24-2 — (—2)4A24 4 2 B? + (—a) 441 B24-2 — (—2) 44 4 eA? +2 
4 | (cA? + 1)(x~B? + 1) 

















_ (_»)\d 
Pi ase) 
r+1 
Ge es) — (2a), ete )e2. . 1-2)" 
2(a A? + 1)(aB? + 1) ' A(x A? +.1)(@B2 +1) ° 2(@+41) ° 
Then let y = 5. we obtain 
i a 2— 3x 1—(—a)?¢ 
M. = jee ee © 
: («. 5) Ta? — 3041) Te? ~ Pea) + Bap) t Weed 


In the same way, it is easy to derive 




















i —igt xi 
M = Beak 
2 (« 5) Wat — Bn p 1) *hed-2 — Pea) — oe Be Ay} 
i —xt 3x —2 1—(—2)¢ 
M. = Digit 2 
(«. 5) 5(a2 — 3a + 1 2d-2 — Lag) + a aed) ote) 


Then take them into (3.4), we have 


d—1 











Sena 
j=0 
git 
en A 8 A 2 es A LY ee a PO 
30(a? — 3a +1) [5 2d—2 + 5( + )Foa—2 + 2d—2] 
d 
av 
ph in Sh eo yal 
(a2 — 3241) | 2d + (Flim + Ln Fim) Fea + 24] 
x 
15F,Fin + 5FyLm + 5LnFm — 3LnLm 
G2 3a 41) | o = 
i 1 — (-2)4 
5 ee Or a, 
02 32 41) | us I+ to@41) ) 





Observing the relationships between Fibonacci and Lucas numbers such as identities (2.1), 
(2.2), and (2.3), it follows that 





d-1 d 
; x 
EF, i Fm jx = 7; a a oe Ln m — — Ln4+m _ Ln m— Lnim 
y +jhm+ju Bla? —3n41)" +m+2d—2 +m42d — LLntm—2 + Ln+m) 
1—(-1)? 


Biv+1) "™ 
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We concentrate now on the proofs of formula (3.2). At this time, it is only need to let 
d—1 d-1 


_ is GANG : gph — 2 hi 
P(a,y) = ) | £))Tn+5(y)Im+;(y), so that ) gee = nee («. *). Similarly, we 
j= j= 
use (2.4) to write 


Pay) = (—2)? (In(y)Uj(y) — Tn—1(y)Uj-1(y)) (Tm—1(y) Uj (Y) — Tn—1(y)Uj-1(y)) 


= Tr(y)Tm(y)Mi(a, y) — (Tn(y)Tm-1(y) + Tr-1(y) TFm(y)) Ma(a, y) 
= n—-1(Y)Im—1(y) M3 (2, y), 























d-1 d-1 
where M, (x,y) = (—«)?U}(y) ), Mo(a, y) _i(y), and M3(z, y) 
j=0 >| 
d-1 
= (—a)?U7_,(y). Hence 
j=0 
; a 1 a 
Sling? = Inlet («. 5) — 5 (EnLm—1 + Ln-1Lm)M2 («. 5) 
a 
—Lm—1Ln-1M3 («. 5) : (15) 
After computing M, (ze, 4), M2 (a, 4), and M3 (x, 4), respectively, we have if « 4 —1 
i xt 24 —3 1 — (—a)?¢ 
M = re § +2 ; 
: («. 5) 5(a2 — 3a + 1) (wLoa — Laat) 5(a2 — 32 +1) iG +1) 
. id . d 
i —1x i(a + 1) — (-2) 
M: = Lea-1 — L ; 
. («. 5) 5(x? — 3a 4+ 1) (wLoa-1 2d+1) 5(a? — 3a + 1) is 5(a@ + 1) 
i an 3a — 2 1—(-2x)4 
M: a L Laa- : 
2 («. 5) 5(a? — 3x + 1) (wLoq— thod—2) + 5(a2—32+1) 5(a@+1) 





Then take them into (3.5), we derive 


d 


F x 
> Inj lm+jt? = a ae pd (thntm+2d—2 — Lntm+2a — £Ln+m—2 + Ln+m) 
L={—1)? 





xa+1 


84. Further study 


However, we can say something more. In reference [4], Brian Curtin has given that 


d—1 


FaFnamtd—-1) if d is even, 
j=0 3(Laln4m+a-1 > (—1) Lm—n); if d is odd. 
And 
DF aPn+m+d-1) if d is even, 


d—-1 
S Lala = 
jJ=0 


Dabnicckg f(A Lay. UE dis Odd, 
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By comparing these results with those in Corollary 3.2, we can easily derive an interest result: 


BF Paaay if 2) d, 
Ln42d-1 = Ln-1 = : (16) 
Laln+d-1; if 2 t d. 


Clearly, from these formulas many more relationships emerge by specialization. In partic- 
ular, if we let x = 1, identities (3.1) and (3.2) will produce the following identities which has 
been proved by Brian Curtin in reference [4], and his results are just one of the corollaries of 
Theorem 3.1. That is 


Corollary 3.2. For positive integers d, m, and n, 








d-1 1 a : 
s Pig Bs = ud Dyan) 2 | d, (17) 
j=0 = (Lntm+2d—1 — Lntm—1 — ete Seen if 2 { d; 
S27 L Ly, m+2d i — Dre 1; if 2|d, (18) 
nt+jlm+j = : 
j=0 Ln, m+2d—-1 — Ly, tm—1 + (-1)"ELn_m, if 2 t d. 








Here we should note that in the proof of Theorem 3.1, we hypothesize « # —1, and if let 
x = —1, we can derive the Corollary 3.3 similarly. 


Corollary 3.3. For positive integers d, m, and n, 








= itp _—F, ) if 2|d 
. nt+tm-1 nt+tm+2d—-1); 1 | ? 
(—1)? Fn4jFim+j = : on (19) 
j=0 teeny as _ Pnm=i — (=1) Olam) if 2 t d; 
d-1 é 
' Fntm-1 _ Pnim+2d-1; if 2 | d, 
SOY bagi = be ; (20) 
j=0 Fuam+2d—1 a Frim-1 1 (—1) dLn—m,; if 2 { d. 
d—1 d—1 
What’s more, similar methods can be applied when S- FnijFm4jx?, and Pe Lat jim! 
j=0 j=0 
d-1 d-1 
are replaced by Se Frn+kPn+kFe+r, and S- Ln+jlm+jLe+j;. As I know, this problem hasn’t 


k=0 j=0 
been studied before. Next we will show the processes of the proofs in detail, and the results are 


given as follows: 


Some formulate for the Fibonacci and Lucas numbers 125 





Theorem 3.4. For positive integers n1,n2,n3 and d, 


d—-1 1 1 
55 FrititnatiFnati = 9 bnitnetna la — 9 Fmitnatns—1 + 
j=0 
3 
a 
17S o(- Fray tnetn3td— ny—2 
1=0 
3 
-) i ee (21) 
i=0 
d—1 iT 
5 Eni+jlngtjlngti = g bmi tnatnst3d-1 — 5 Ln +n2tns—1 
j=0 


3 
—(-1)4 Sy eee 


Se Get igs Sree enre (22) 
i=0 


Proof. To make me pee more clear, we use n, m and e instead of nj, nz and nz. 


This time we let P(x -> aaa ee ae 1(2)Un4e—-1(@)Ue+n-1(x). It follows from (1.3) that 
= 1 i 
S Bag hes a eee (5) : (23) 
j=0 


On the other hand, 





d—1 
Unt k—1(£)U nt p_1(2)U erp _1(2) 
k=0 
d—1 
a ¥ it? Ua Oke) — Tp Ua) (Um a) Te) — Talo) pa) 
k=0 


Ue-1(@)Tr(x) — Te(e)Up—1(2)] 
= PUp—iUm—1Ue_-1 Mi (a) +  (Um—1(2)Un—1 (2) Te (x) + U1 (2) T, (a )Ue_1 (a) 

+T mn (2)Un—1(2)Ue_1(#)] Mo(x) + 23 [Tin(2)Un—1(")Te(x) + Um—1(£)Tn(x)Te (2) 
+T (2) Tn ()Ue—1(#)|Mg(2) + 4° Tm (2)Tn(2)Te (2) Ma(z). 


where M,(a) = SFT le), M2(x) = i*T? (2)U,_1(2), M3(x) = i*T;,(x)UpZ_,(x), and 
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Mi(x) = ye i*Up_,(a). Therefore let x = 4 and combining identity (3.12), we derive 


k=0 
= i\ i i 
So Fri FmtjFery = FrFnFeMi (5) + 5 (FnFmLe + FnlmFe + LnFmFe) Me (5) 
j=0 


“4 (F,LmLe =e LylLmFe ate Ly Fy Le) Mz (5) ~~ 5 bind De Ms (5) 


a ib a Cc a id a 


where a = F,, Fi Fe, 6b = FyFmle + FalmFe + InFimFe, ¢= Fnimle + InImFe + InFmLe, 
and d= L,L,L-. By computing M;(x), (¢ = 1,2,3,4), we obtain 





1 3 19 1 1 3 

Mile) = — Iga = ot — Mole) = a = a = SS 

1(x) 1634-1 3° d-2 + 16 2(x) gj 34-1 a d-2 ~ BF 
1 1 1 1 3 i 
M Se Pigg eh -; M = ——_ Fy, 1) — —74F = 
3(x) 9 734-1 10° d a+ 75 4(2) io; 34-1 Bi. d-2+ 5 


Take this group of values into identity above, we have 





d—1 
1 1 “2d 
S eagle = 3 Oat c)L3a—1 + 3p Oe + d) F3a—1 + p (- 15a + c)La_-2 
j=0 
a4 1 
—(-— d)Fa_24 t ; 
+ 7 ( 5b + 3d) Fa_2 19 (194 3b —c+d) 


Compute that 
Sate = 5FyFmFe+ Fylbmle + LnLmFe + LnFmLe 


= GA. + Din le PS ie th, Be 
= 2Ln4+mLe a 10Fn+mle = AD n+m-+es 





and 
5b+d = 5F)FryLle +5 Fy LlmFeo + bLnkmFe + LnLmLbe 


=: (Gres Pie heb Pier. 
= 2Dnimle +10FaimFe =4Lnimte- 





The processes to compute —15a+c, —5b+ 3d, and 19a — 3b —c+d are omitted here, and the 
final results are as follows: 

—15a+ c= 4(-1)°Paem—e + 4(-1)” Frte—m + 4(-1)" Fetm_n3 

—5b + 3d = 4(-1)°Lntm—e + 4(-1)"" Lnte-m + 4(-1)" Letm-_n- 














And let C be the constant numbers C = 75 (19a — 3b — c + d), we have 
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Thus 


d—1 

S- Prnagjlmsj Pet; 

j=0 

1 od 

= 0 (Lnim+teLsa 1F Ly, tm- oF 3a 1) + 10 ((-1)°Frim—eLa-2 
+(-1)°Ln4m—eFa-2 + (-1)" Frte—mLa-2 + (—1)™ Ln4+e—mFa-2 
+(-1)"Fe+m—nLa-2 + (-1)"Le+m—nFa—2 + C) 
1 ;2d 


4 
= ip Untmtelsa oi =. (=e es a (-1)”" Frtetd—m—2 


el Feta 2) +C. 














Formula (3.11), as a matter of fact, is easily to be proved in precisely same way. So that 
we will not show the processes of proof any more. Hence, we have finished the proofs of the 
theorems in this paper by now. 
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Abstract The classical Catalan number is an important counting function, and it has a wide 
application in combinational mathematics and graph theory. The main purpose of this paper 
is using the elementary method to study one kind summation problem involving the classical 


Catalan numbers, and give some interesting identities for it. 
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81. Introduction 


For any positive integer n, the famous Catalan numbers b,, are defined as follows: 


Cn) 


bn = ’ 
n+1 





b= 01 OSes, 








For example, the first several Catalan numbers are: bop=1, b}=1, bo=2, b3=5, b4=14, b5;=42, 
bg=182,--- . This sequence has some wide applications in combinational mathematics and 
graph theory. It had been studied by our qing mathematician Antu Ming. There are still many 
people have studied its properties at present, some related papers see references [1] and [2]. 

In this paper, we shall study the calculating problem of the summation 


S- Day Day -++Da,, (1) 


ay+ag++-+ap=n 


where S- denotes the summation over all k-tuples with no-negative integer coordinates 
ai,+a2+-+++arK 
(@1,@2,°+- ,@,%) such that aj +ag+--- +a, =n. 


We shall use the elementary method to give an exact calculating formula for (1). That is, 
we shall prove the following conclusions: 
Theorem 1. For any positive integers n and k with 2 << k <n, we have the identity 


k 2”. m!! 


k 
S> aybag ++ Bay = S(—1)™EHP (*) (n+ Bln — 2k —2n)il 


ay tagt+-tap=n m=0 








'This work is supported by the N. S. F. (11071194) of P.R.China. 
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Theorem 2. For any positive integers n and k with 2< k <n, the summation 
S- Di Dino Bey 
ayt+a2+--+ap=n 


can be expressed by the linear combination of b)41, bn4+2---. Especially, for k = 2, 3, 4, 5, 6, 7, 
we have the identities 


SS tata oat 


a,+a2=n 


ye ba, Day Das = bn+2 a bn41- 


a,+a2+a3=n 


> ba, bas bas bas = bn+3 _ 2bn+42- 


ai+a2+a3+a4=n 


XS bar bas bas Das bas — bn44 oT bn+2 = 3bn +3. 


a,+ag+a3+a4+a5=n 


> Da; Dagbasagbas0ag = Ons + 3bn+3s — 4bn4a. 


ai +a2+a3+a4+a5+ag=n 


S- ba, 002003 ba, bas bag ba, = bn+6 6bn+4 bn+3 Sbn+5- 


a1 +a2+a3+4G4+45+a6+a7=n 














§2. Proof of the theorems 


In this section, we shall use the elementary methods and the properties of the Catalan 
numbers to prove our Theorems directly. First we prove Theorem 1. From the properties of 


the Catalan numbers we know that 


a(1- Visa) = 2 So (2) 





Then from the properties of the power series we have 


co n k co n 
(211 - VI—a))* =a* & ent =a") ) ( S- ba, bas hn — (3) 





n=0 n=0 \ai+ta2+-:-+a,p=n 


mm 
2 


On the other hand, note that the power series expansion of (1 — 2) 


m (—1)”- m!! n (4) 





Applying (4) we have 


: 
(2-vI=a))" = 2-7 &)(-y™a-2)F 


= (—1)”-ml!! 


k 
— oka ok, > () (-1)" 50 Qn. nl. non 
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Then comparing the coefficients of ”** in (3) and (5) we may immediately deduce the identity 





So Baybag 2B a5 as me 
aa oan m/ (k+n)!(m — 2k — 2n)!! 


ay+ag++-+ap=n m=1 


This proves Theorem 1. 


Now we prove Theorem 2. According to (2), we can deduce the identities 





1 1 = b,art! 
ie 2 =1]-— 
(1-2) a 




















Taking & = 2 in (3), we have 
2 ee) 
2 1 
2. m _ _,2 n 
A(1—-Vl-—2)°=4 yi (7 )(-vi=a) =2£ y ah ( y bat Le 


From (6) and (10) we have 


SS Bin Bas = Os 


aytag=n 


Taking & = 3 in (3), and applying (7) we have 


S- bay Da» bas — bn+2 _ bn41- 


a, +a2+a3=n 


Similarly, we can also deduce the identities 


S- Day Day bas bay = bn+3 _ 2bn+2; 








ai+a2+a3+a4=n 
S Day Dav bas Dag bas — bn+4 ate br+e2 — 3bn+3, 
a,+ag+a3+a4+a5=n 
S ba; bas bas bes bas bag = bn45 1 3bn43 _ Abn+a, 
ai +a2+a3+a4+a5+ag=n 
y ba, baz baz bay bas bag ba, — bn+6 6bn+4 bn43 Sbn+5- 
a, +a2+a3+aG4+45+a6+a7=n 








This completes the proof of Theorem 2. 


(10) 
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Abstract In order to obtain a larger bound of Hosoya index of the tree-type hexagonal 
systems, the zig-zag tree-type hexagonal systems are taken into consideration. In this paper, 
some results with respect to Hosoya index of the zig-zag tree-type hexagonal systems are 
shown. Using the results, hexagonal chains and hexagonal spiders with the larger bound of 


Hosoya index are determined. 


Keywords Hosoya index, zig-zag tree-type hexagonal system, hexagonal spider. 


81. Introduction 


A hexagonal system is a 2—connected plane graph whose every interior face is bounded 
by a regular hexagon. Hexagonal systems are of great importance for theoretical chemistry 
because they are the natural graph representations of benzenoid hydrocarbons ?!, A hexagonal 
system is a tree-type one if it has no inner vertex. The zig-zag tree-type hexagonal systems 
are the graph representations of an important subclass of benzenoid molecules. A considerable 
amount of research in mathematical chemistry has been devoted to hexagonal systems ?—14, 

In order to describe our results, we need some graph-theoretic notations and terminologies. 
Our standard reference for any graph theoretical terminology is [1]. 

Let G = (V, E) be a graph with vertex set V(G) and edge set E(G). Let e and u be an 
edge and a vertex of G, respectively. We will denote by G—e or G—u the graph obtained from 
G by removing e or u, respectively. Denote by N,, the set {v € V(G) : uv € E(G)}U {u}. Let 
H be a subset of V(G). The subgraph of G induced by H is denoted by G[H], and G[V \ H] is 
denoted by G— H. Undefined concepts and notations of graph theory are referred to [11 — 16]. 

Two edges of a graph G are said to be independent if they are not adjacent. A subset 
of E(G) is called a matching set of G if any two vertices of M are independent. Denote m(G) 
the number of matchings sets of G. In chemical terminology, m(G) is called the Hosoya index. 
Clearly, the Hosoya index of a graph is larger than that of its proper subgraphs. 

We denote by WV, the set of the hexagonal chains with n hexagons. Let B, € V,. We 
denote by V3 = V3(B,,) the set of the vertices with degree 3 in B,. Thus, the subgraph B,,[V3] 
is a acyclic graph. If the subgraph B,,[V3] is a matching with n — 1 edges, then B,, is called a 





1This work is supported by the Shaanxi Provincial Education Department Foundation (08JK433). 


Hosoya index of zig-zag tree-type hexagonal systems 133 





linear chain and denoted by L,. If the subgraph B,,[V3] is a path, then B,, is called a zig-zag 
chain and denoted by Z,,. If the subgraph B,,[V3] is a comb, then B,, is called a helicene chain 
and denoted by H,, (see [11]). 

Denote by T,, the tree-type hexagonal systems containing n hexagons. Let T = US Tas 
and T € T. Let H bea hexagon of T. Obviously, H has at most three adjacent hexagons in T; 
if H has exactly three adjacent hexagons in T, then H is called a full-hexagon of T; if H has 
two adjacent hexagons in JT, and, moreover, if its two vertices with degree two are adjacent, 
then call H a turn-hexagon of T; and if H has at most one adjacent hexagon in T’, then H is 
called an end-hexagon of 7’. It is easy to see that the number of the end-hexagons of a tree-type 
hexagonal system of n > 2 hexagons is more two than the number of its full-hexagons. Let 
T € T and let B = H,HA2...Hy,k > 2 be a hexagonal chain of T. If the end-hexagon Hy 
of B is also an end-hexagon of T, the other end-hexagon Hj, is a full-hexagon of T’, and for 
2<i<k-—1, H; is not a full-hexagon of T, then B is called a branch of T (see [16]). If any 
branch of T is a zig-zag chain, then T is called zig-zag tree-type hexagonal system. Both a 
zig-zag hexagonal chain and zig-zag hexagonal spider are zig-zag tree-type hexagonal systems 
with no full-hexagon and only one full-hexagon, respectively. 


§2. Some useful results 


Among tree-type hexagonal systems with extremal properties on topological indices, L, 
and Z,, play important roles. We list some of them about the Hosoya index as follows. 
Theorem 2.1.!6 For any n >1 and any B, € W,,, if B, is neither L, nor Z,, then 


m(LIn) < m(Bn) < m(Zp)- 
Theorem 2.2.!!6 For any n >1 and any T € Ty, if T is not Ly, then 
m(T) > m(Ln). 


Among many properties of m(G), we mention the following results which will be used later. 
Lemma 2.1.!!] Let G be a graph consisting of two components G, and G, then 


m(G) = m(G1)m(G2). 
Lemma 2.2.!!] Let G be a graph and any uv € E(G), then 


m(G) = m(G— uw) + m(G—u-—v). 





Lemma 2.3.!!] Let G be a graph. For each wv € E(G), then 


m(G) —m(G—u)—m(G—u-—v)>0. 





Moreover, the equality holds only if v is the unique neighbor of w. 
Let A and B be any graphs and C’ be a hexagon. Let G = A@/C. Let r and s be two 
adjacent vertices of B of at least degree two. Denote by G,,B the graph obtained from G and 
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B by identifying the edge ab with rs; by GgB the graph from G and B by identifying the edge 
bc with rs; by GcB the graph from G and B by identifying the edge cd with rs (see [11]). 
Lemma 2.4.!!] Let A, B,G = A@%C,G,B and GB, if m(A— x) > m(A-— y), then 


m(G°B) > m(G,B). 


Lemma 2.5.!'!] Let A, B,G = A@%C,G,B,GgB and G-B, then 

(a) m(GyB) > m(GpB), 

(b) m(GcB) > m(GgB). 

We add some notations which are convenient to express useful results. For a given zig-zag 
chain Z;,, denote by Bo, Lk Vk, Vp the four clockwise successful vertices with degree two in one 
of end-hexagons (see Fig. 2.1.). 




















Fig. 2.1. Z, and Zg_1. 


Lemma 2.6. Suppose G is a zig-zag chain with k hexagons. Then 


m(Ze) 5 3 32 
m(Zp — Ly) 3 2 0 0 
m(Zr-1) 
m(Zp-1 — Le-1) 
m(Zp — Xk Yk) _ 21 0 0 i 
: m(Zp-1 — Lp_1) 
m(ZE— Yk —- Yr) 20 10 ; 
; m(Zp—-1 — Le—-1 — Lp_4) 
MZ — Lk — Yp— Yb) 101 0 
m(Zy — Le — YR —- ,) 1 1 0 0 


By applying Lemma 2.1 and Lemma 2.2, it is easy to obtain the result. 

Lemma 2.7. Keep the notations as in Lemma 2.6, and suppose Z; is a zig-zag chain with 
k(k > 3) hexagons. Then 

(a) m(Z_, — 2, — Lp) < m(Ce)m(Zp_2) + m(Ps)m(Zp_2 — Fe-2); 

(b) m(Zy — &, — &k — Ye) > M(Ps)m(Zp_2) + m(Ps)m(Zp_2 — Ce—2), 

(c) 2m(Zp—1 — ye—1) + M(Za—1 — Ye—1 — Yq_1) < (Ce) m(Zp—2 — By») + m(P5)m(Zp-2 — 
Tk-2 — Tio) 

(d) m(Ze—1 — ye—1) + M(Ze—-1 — Yeo — Yu_1) + M(Ze — Be — Le) < m(Cs)m(Ze-2) + 
m(Ps)m(Zp_2 — fk—2) + m(Ps)m(Zp_2 — £,_9) + m(Ps)m(Zp_2 — Cpa — By_y): 

Where C,,, and P,, (m = 3,4,5,6) are the circle and the path with m vertices, respectively. 
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Proof. (a) Set fi(k) = m(Zx), fo(k) = m(Z_ — 2,), fa(k) = m(Ze — rx), fa(k) = 
m(Zp — te — %,), fs(k) = m(Ze— yy), folk) = m(Zy — Yk)» fr(k) = m(Ze - Ye — Yx)s 
fis(k) = m(Zy — Be — Ye — Yp) and fo(k) = M(Zy - Lk — Ye — X)- 

Applying Lemma 2.6 to Z, — Lp — £x, Zp—g and Zp_2 — Lp—2, we get 
fa(k) 
= 2fi(k—1)+ fs(k—1) 
= 12f;(k—2) + Bfo(k — 2) + 7fa(k — 2) + 5fa(k — 2), 


m(Zy — Lp — £x) 





and 
m(Ce)m(Zp-2) + m(Ps)m(Zp-2 — Te-2) = 18 f1(k — 2) + 8 f3(k — 2). 


For k > 3, we have 





Ay = m(C¢)m(Zp_-2) + m(Ps)m(Zp_—2 — k-2) — M(Ze — Ly — Te) 
= 6fi(k— 2) —8fo(k — 2) + fa(k — 2) — 5fa(k — 2). 





By Lemma 2.1, we obtain m(Zp_2) = m(Zp_2 Lp» Lp—-2) +M(Zp_2 — 2, 9Tr-2); and 





m(Zp-2 — Ly 5fk—2) = M(Zp-2 — tp 9) + m(Zp-2 — dies — Yx—3). Thus 
Ay 6fi(k — 2) — 8fo(k — 2) + fg(k — 2) — 5 fa(k — 2) 


fa(k — 2) + fa(k — 2) + 4m(Zp_o — 2,9 — Ya) — 21(Zp_2 — Bp_o — YR-3 — Yq_g)- 











Since Zp_2 — Lp_9 — YR—3 4 is the proper subgraph of Zp-2 — £45 — Yr—3, then 
m(Zp_-2 — Ly 5 — Yr—3) > M(Zp_2 — a — YR-3 — Yn_3)- Therefore A; > 0. 
(b) Similar to the proof of (a), by Lemma 2.6, we obtain 


m(Zy —2_—k—Yx) = folk) 
dilk= 1) fae 1), 


I 


and applying Lemma 2.6 to Z,_1 and Zp_ 1 — p_-1, we have 


fi(k —1) + fa(k — 1) = 7fa(k — 2) + 5fa(k — 2) + 4fa(k — 2) + 3fa(k — 2), 











and 
m(Ps)m(Zp_—2) + m(P4)m(Z,_2 = LE—2) = 8fi(k == 2) + 5 f3(k = 2). 
Thus 
Aa = m(Ps)m(Zp—2) + m(Px)m(Ze_2) — M(Zp — By — Ck — YR) 
= filk—2)—5fo(k — 2) + fa(k — 2) — 3f4(k — 2). 
Note that 
m(Zp—2) = m(Zp—2 — Lp_9Th-2) + M(Zp—2 — Lp_g — Tk-2), 
and 


m(Zp-2 — C__oEk-2) = M(Zp-2 — Ly_g) + M(LZe-2 — Lp_2 — Yea); 
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Ag = filk—2)—5fa(k — 2) + fa(k — 2) — 3fa(k — 2) 
m(Zp-2 — Lp» — Yrs) + M(Zp-2 — Lp» — Th-2 — Yas) — A fa(k — 2) —Afa(k — 2). 








Since Zp-2—8p_9—Ya—3 and Zp_2—%,_9—h-2—-YR_3 are proper subgraphs of Va an 
then m(Zp_2 a —Yp—-3) < M(Zp_2 —2, 9); and m(Z,_-2 —2, 9 =~ 2p-2—Yr—3) < M(Ze_a— 
aa Therefore A» < 0. 

(c) Similar to the proof of (a), (b), by Lemma 2.6, we get 


m(Cg)m(Zp_2 — Zp_2) + m(Ps)m(Zp_2 — Fp_2 — Fe-2) = 18fo(k — 2) + 8fa(k — 2), 





and 
2m(Zi—1 — Ye_2) + M(Ze—1 — Yea — Ye-1) = 6 fr(k — 2) + 3fa(k — 2) + 4fa(k — 2) 
+2 f4(k — 2). 
Then 
As = m(Cs)m(Zp—2 — 24-2) + m(P5)m(Zp—2 — L__g — Le-2) — 2M(Zp_1 — yu-2) 





—m(Zp1 = Vea a Yr—1) 
= —6fi(k —2) + 15fo(k — 2) — 4 fs(k — 2) + 6fa(k — 2). 


Note that m(Zp_2) — m(Zp—2 _ Lp _oLk—2) + m(Zr_2 _ ae — Lk-2); and m(Zp-2 _ 
Lp 5 €k—2) = M(Zr_-2 — @. 2) + m(Zp_-2 — De — yn—3), thus 





As = —6fi(k—2)+15fo(k—2) —4fs(k — 2) + 6fa(k —2) 


= 9m(Zp_2 — 2p_2Ye-3) — ™(Ze-2 — L__2 — Lh-2 — Ye-3) 














ra / 
—4m(Ze_2 — Lp_g — Lk-2 — Le-3yYR—3) — 4M(Zp_2 — Ly_g — Le-2 — Le-3 — Yk—3)- 





7 , / , 
Since Zp_2 — Lp» — Te-2 — Yk—-3, Zk—-2 — Lp_g — Tk—-2 — Yk—3 aNd Ze_2 — Lp_y — Le-2 





Le—-3Yk—3 are proper subgraphs of Z,_2 — Lp oYk—35 then 





m(Zi—2 es Lk—2 — Yr-3) < M(Zp_—2 — Ly-2Yk—3)s 





M(Zp-2 — Lp_g — Le-2 — Yr-3) < M(Zp_2 — Ly-2Yk—3) 


and 





m(Zp—2 poy Le—2 — Le—-3Yk—3) < M(Zp—2 — Ly_2Yk—3)- 
Therefore A3 > 0. 
(d) Similar to the proof of (c), we obtain 


Ag = m(Ce)m(Zp-2) + m(Ps)m(Ze_2 — Ch-2) + m(Ps)m(Zp_2 — Zp_>) 





+m(Ps)m(Ze-2 — fez — Cp_2) — (Zea — ye—1) — M(Zie-1 — Ye-1 — Ya-1) 
—m(Z_ — ©, — Zz) > 0. 


The proof of Lemma 2.7 is complete. 
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§3. Preliminary results and proofs 


Suppose T;, 75 € T, and p;,q; are two adjacent vertices with degree two in T;,71 = 1,2. 
Denote by Ti (pi, q1) ® T2(p2, q2) the tree-type hexagonal system obtained from T; and T by 
identifying p; with pz, and q, with qo, respectively. 

In the present section, for a given T’ € T, we always assume that s,t are two adjacent 
vertices with degree two in T. For a given linear zig-zag chain Z;,, denote by Lp, Lk Vk Vp the 
four clockwise successful vertices with degree two in one of end-hexagons (see Fig. 3.1.). 




















Fig. 3.1. T(s,t) ® Zk(tp, 2k), T(8,t) ® Ze(YusY_) and T(s,t) ® Ze (p_1,Tk-1). 


Theorem 3.1. Keep the notations as Lemma 2.7. For any T € T and k > 3 (see Fig. 
3.1.). Then 


(a) m(F(s,t) ® Zea, 24) < m(T(s,t) ® Ze (ep 124-1)), 
(b) m(T(s,t) ® Ze(yu,Yp)) < m(L(8,t) @ Ze(wp_1,e-1))- 
Proof. (a) By Lemma 2.1 and Lemma2.2, we get 


m(T(s,t) © Zx(#,1,%-1)) 
= m(T — st)[18fi(k — 2) + 8fs(k — 2)] + m(T — t)[8fi(k — 2) + 5fs(k — 2)] 
+m(T — s)[18 fo(k — 2) + 8fa(k — 2)]) + m(T —t— s)[18fi(k — 2) + 8f3(k — 2) 
+8f2(k — 2) + 5fa(k — 2)], 











and 


m(T(s, t) ® Zi( Bhs Ek)) 
= m(T — st) fa(k — 2) + m(T — t) fo(k — 2) + m(T — s)[2fe(k — 1) + fr(k — 1) 
+m(T —t — s)[fe(k — 1) + fr(k —1) + falk)]. 
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Thus 


As = m(T(s,t) @ Zp(2p_1,%-1)) — m(T(s,t) ® Zp (ap, Ze) 
= Aym(T — st) + Agm(T —t) + Agm(T — s)+ Aam(T — s—t). 


According to Lemma 2.7 and Lemma 2.1, we obtain A; > O(i = 1,3,4), Ay < 0 and 
mT —t)=m(T -—t—s)+m(T-—t—s-—N,). So 





As > (Ay + 2A,+ A3+ Ay)m(T =—t— Ss). 


Similar to the proof of lemma 2.7, we get A; + 2A, + A3 + Ay > 0, therefore A; > 0. 

Similar to the proof of Lemma 2.7 and Theorem 3.1 (a), we obtain m(T(s,t)®Zx(yr,Y,)) < 
m(T(s,t) ® ti <i Xp~—-1)) and the proof of Theorem 3.1 is complete. 

Corollary 3.1. For any k > 3 and n> 0. Then 

(a) m(Ln(8,t) ® Zp (ae, 24)) < m(Ln(8,t) @ Ze, tk-1)), 

(B) ma(Ln(s,t) ® Zelyes¥i)) <m(Ln(8,t) @ Ze(wy4,@e-1))- 


84. Zig-zag tree-type hexagonal systems 


A graph G is called a zig-zag tree-type hexagonal system if it is a tree-type hexagonal 
system and any branch of which is zig-zag chain. 

We shall use Z;, to denote the set of all zig-zag tree-type hexagonal systems with n hexagons. 
For a given graph Z* € Z*, we denote Z+ the graph obtain from Z* whose every branch is 
transformed by transformation I (see Fig. 4.1). 

A graph G is called a spider if it is a tree and contains only one vertex of degree greater 
than 2. For positive integer n,,n2,n3, we use S(n1,72,n3) to denote a hexagonal spider with 
three legs of lengths n,,n2 and nz, respectively (see [11]). 

If a hexagonal spider S(n1,n2,73) whose 3 legs are linear chains, then such a graph is 
called a linear hexagonal spider and denoted by L(n1,12,73) ( see [11]). 

Similarly if each leg of S(n,,n2,n3) combining with the central hexagon is a zig-zag chain, 
then such graph is called a zig-zag hexagonal spider and denoted by Z(n1, n2,n3) (see [11]). 
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Fig. 4.1. Transformation I. 


Transformation I. Let Z, = H,H2--: Hy, and Z;,(® H be a branch of T (see Fig. 4.1.). 
Firstly, the graph T can be obtained from T — Z, and Z;, by identifying the edge uiv1 of 
Ay; with the edge s;t,; of H. Secondly, the graph T’ can be got from T = Os and Bey 
by identifying the edge ugv2g of Hz-3 with the edge sgtz of Hz_1. Finally, by repeating this 
operation, the graph T can be obtained. If T = Zn, only let H = Ay. 

Theorem 4.1. For any Z* € Z* and any n > 4. Then 


m(Z+) > m(Z*). 


Moreover, the equality holds if and only if Z+ & Z*. 

Proof. If Z+ is not Z*, note that the graph Z+ is obtained from Z* whose every branch 
is transformed by transformation I, and by Theorem 3.1, we get m(Z+) > m(Z*). Moreover, 
the equality holds if and only if Z+ & Z*, and the proof of Theorem 4.1 is complete. 

By repeating to apply transformation I on a hexagonal spider $(n 1,n2,n3) and Z,, and 
according to Theorem 3.1, we also obtain a good larger bound of Hosoya index of Z, and 
Z(n1, N2, 73) as follows. 

Theorem 4.2. For any Z*(ni,n2,n3) € Z(n1,n2,n3) with n hexagons and any n > 4, 
then 

m(Z+(n1,n2,n3)) > m(Z*(n1, n2,n3)) > m(L(n1, ne, n3)). 
Moreover, the equality holds if and only if Z+(n1,n2,n3) & Z*(n1,n2,n3) = Z(2, 2, 2). 
Theorem 4.3. For any Z* € Z, and n > 4. Then 


m(Z+) > m(Z*) > m(Ly). 
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